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A b s t r a c t
T h e  tw o - d im e n s io n a l  p r o b le m  o f  a  l o n g  c r a c k  in  a  n o n - m a g n e t ic ,  h a l f - s p a c e  c o n d u c to r  
l y i n g  p e r p e n d ic u la r  t o  t h e  f l o w  o f  e d d y - c u r r e n t s  in d u c e d  b y  a  o n e - d im e n s io n a l  e x t e r n a l  c u r ­
r e n t  s h e e t  is  s tu d ie d  in  t h e  c o n t e x t  o f  e d d y - c u r r e n t  n o n - d e s t r u c t iv e  e v a lu a t io n .  Im p e d a n c e  
c h a n g e s  d u e  t o  c lo s e d ,  s u r fa c e - b r e a k in g  c ra c k s  a n d  d e e p ,  s u b s u r fa c e  c ra c k s  a r e  c a lc u la t e d .  
T h e  W i e n e r - H o p f  t e c h n iq u e  is  u s e d  t o  o b t a in  a n  a p p r o x im a t e  s o lu t io n  f o r  t h e  m a g n e t ic  f i e ld  
s c a t t e r e d  b y  a  s u b s u r fa c e  c r a c k  a n d  h e n c e  th e  im p e d a n c e  c h a n g e .  T h e  s o lu t io n  is  a c c u r a te  
t o  w i t h in  5 %  f o r  c ra c k s  w h o s e  e d g e s  l i e  m o r e  th a n  o n e  e le c t r o m a g n e t ic  s k in  d e p th  ( 6 )  b e ­
l o w  t h e  c o n d u c t o r  s u r fa c e .  F o r  t h e  s u r fa c e - b r e a k in g  c ra c k  th e  W i e n e r - H o p f  m e t h o d  y ie ld s  a  
h ig h - f r e q u e n c y  a s y m p t o t i c  s e r ie s  s o lu t io n  f o r  t h e  m a g n e t ic  f ie ld .  T h e  f i r s t  t e r m  c o r r e s p o n d s  
t o  t h e  l i m i t  in  w h ic h  t h e  f i e ld  p e r t u r b a t io n s  b y  th e  e d g e  a n d  c o r n e r s  o f  t h e  c ra c k  a r e  d e c o u ­
p le d .  T h e  im p e d a n c e  c h a n g e  in  th is  l i m i t  is  fo u n d  in  c lo s e d  f o r m .  U s e  o f  t h e  W i e n e r - H o p f  
p r o c e d u r e  in  r i g o r o u s ly  t r e a t in g  th e  o p e n  c r a c k  p r o b le m  is  in v e s t ig a t e d .  T h e  o p e n in g  o f  a  
d e e p ,  s u b s u r fa c e  c r a c k  w h o s e  w id t h  is  m u c h  le s s  th a n  8 is  fo u n d  t o  b e  u n d e t e c t a b le  t o  f i r s t  
o r d e r  in  th e  o p e n in g .
A  g e o m e t r i c a l  t h e o r y  o f  e d d y - c u r r e n t  s c a t t e r in g  is  d e v e lo p e d ,  b a s e d  o n  th e  o p t i c a l  G e o ­
m e t r i c a l  T h e o r y  o f  D i f f r a c t io n .  T h e  t h e o r y  in c lu d e s  a  p r o c e d u r e  w h ic h  a c c o u n ts  f o r  m u l t ip l e  
s c a t t e r in g  o f  t h e  f ie ld s  b e tw e e n  th e  e d g e  o f  a  c ra c k  a n d  i t s  im a g e .  T h e  m e th o d  is  a p p l ie d  
t o  s u b s u r fa c e  a n d  s u r fa c e - b r e a k in g  c r a c k s ,  y i e ld in g  s o lu t io n s  f o r  a  s u b s u r fa c e  c ra c k  w h o s e  
e d g e  l ie s  o n ly  0.4<5 b e lo w  th e  c o n d u c t o r  s u r fa c e  a n d  f o r  a  s u r fa c e -b r e a k in g  c ra c k  o f  d e p th  8 
o r  m o r e .
F in a l l y ,  p e r t u r b a t io n  t h e o r y  is  a p p l ie d  t o  t h e  s u r fa c e -b r e a k in g  c ra c k  p r o b le m  in  th e  lo w -  
f r e q u e n c y  l im i t ,  g i v in g  th e  im p e d a n c e  c h a n g e  f o r  a  c ra c k  o f  d e p th  u p  t o  0 .4 £ .
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A c k n o w l e d g e m e n t s
F i r s t l y ,  I  w o u ld  l ik e  t o  r e c o r d  m y  g r a t i t u d e  f o r  h a v in g  h a d  th e  o p p o r t u n i t y  t o  p u rs u e  
th is  c o u rs e  o f  s tu d y .  T h a n k s  g o  t o  t h e  S E R C  a n d  D e fe n c e  R e s e a r c h  A g e n c y  a t  F a r n b o r o u g h  
f o r  t h e i r  fu n d in g  a n d  t o  t h e  D e p a r t m e n t  o f  M e t e o r o lo g y  a t  R e a d in g  U n iv e r s i t y  f o r  t h e i r  
g e n e r o s i t y  in  a l l o w in g  m e  t im e  t o  f in is h  th is  th e s is  w h i le  in  t h e i r  e m p lo y m e n t .
T h a n k  y o u  t o  m y  M u m  a n d  D a d  f o r  t h e i r  o n g o in g  s u p p o r t  a n d  c a r e ,  t o  m y  M o t h e r - in - la w  
f o r  m a n y  w o n d e r fu l  S u n d a y  lu n c h e s  a n d  t o  m y  F a th e r - in - la w  f o r  h is  a d v ic e  o n  s e v e r a l  p o in t s  
o f  E n g l is h  g r a m m a r .  M y  h u s b a n d , M y l e s ,  d e s e r v e s  a  s p e c ia l  m e n t io n :  th a n k  y o u  m o s t  o f  a l l  
f o r  s u p p o r t  w h e n  th e  w o r k  w a s  t o u g h ,  f o r  f e e d in g  m e  a n d ,  in  r e c e n t  w e e k s ,  f o r  s a c r i f ic in g  
s e v e r a l  S a t u r d a y  m o r n in g  l ie - in s .
M o s t  im p o r t a n t ly ,  th a n k  y o u  J o h n  f o r  y o u r  e x c e l le n t  s u p e r v is io n ,  e n th u s ia s m  a n d  f o r  
t i r e le s s ly  a n s w e r in g  e v e n  th e  m o s t  t r i v i a l  o f  q u e s t io n s  w i t h  c h a r a c t e r is t ic  g o o d  h u m o u r  a n d  
g r a c e .
N .H . ,  J u n e  1994 .
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P s a lm  8
A  P s a lm  o f  D a v id .
0  L o r d ,  o u r  L o r d ,
h o w  m a je s t ic  is  y o u r  n a m e  in  a l l  t h e  e a r t h !
Y o u  h a v e  s e t y o u r  g l o r y  
a b o v e  th e  h e a v e n s .
F r o m  th e  l ip s  o f  c h i ld r e n  a n d  in fa n ts  
y o u  h a v e  o r d a in e d  p r a is e  
b e c a u s e  o f  y o u r  e n e m ie s ,
t o  s ile n c e  th e  f o e  a n d  th e  a v e n g e r .
W h e n  I  c o n s id e r  y o u r  h e a v e n s ,  
t h e  w o r k  o f  y o u r  f in g e r s ,  
t h e  m o o n  a n d  th e  s ta r s ,
w h ic h  y o u  h a v e  s e t  in  p la c e ,  
w h a t  is  m a n  t h a t  y o u  a r e  m in d fu l  o f  h im ,  
th e  son  o f  m a n  t h a t  y o u  c a r e  f o r  h im ?
Y o u  m a d e  h im  a  l i t t l e  l o w e r  th a n  th e  h e a v e n ly  b e in g s  
a n d  c r o w n e d  h im  w i t h  g l o r y  a n d  h o n o u r .
Y o u  m a d e  h im  r u le r  o v e r  t h e  w o rk s  o f  y o u r  h a n d s ;
y o u  p u t  e v e r y t h in g  u n d e r  h is  f e e t :  
a l l  f lo c k s  a n d  h e rd s ,
a n d  th e  b e a s t s  o f  t h e  f i e ld ,  
th e  b ir d s  o f  th e  a ir ,
a n d  th e  f is h  o f  th e  s ea ,
a l l  t h a t  s w im  th e  p a th s  o f  th e  s ea s .
0  L o r d ,  o u r  L o r d ,
h o w  m a je s t i c  is  y o u r  n a m e  in  a l l  t h e  e a r t h !

C h a p t e r  1
I n t r o d u c t i o n
1+1 P r e l i m i n a r y  D is c u s s io n
T h e r e  is  a n  in c r e a s in g  n e e d ,  in  t o d a y ’ s s o c ie t y ,  f o r  e f f e c t iv e  a n d  r e l ia b le  m e th o d s  b y  w h ic h  
s t r u c tu r e s  c a n  b e  t e s t e d  n o n - d e s t r u c t iv e ly .  T h e  r a n g e  o f  a p p l ic a t io n s  f o r  su ch  te c h n iq u e s  is  
e n o r m o u s  a n d  c o v e r s ,  f o r  e x a m p le ,  q u a l i t y  c o n t r o l  in  th e  m a n u fa c tu r e  o f  i t e m s  as d iv e r s e  as  
m e t a l  r o d s  a n d  la y e r e d  c a r b o n  f ib r e  m a t e r ia ls  a n d  in - s e r v ic e  s a fe t y  ch eck s  in  t h e  a e r o s p a c e  a n d  
n u c le a r  p o w e r  in d u s t r ie s .  T h e  p r o c e d u r e s  e m p lo y e d  in  th is  w a y  c o n s t i t u t e  t h e  f ie ld  o f  n o n ­
d e s t r u c t iv e  e v a lu a t io n  ( N D E ) .  C o m m o n ly  u s e d  in  N D E  a r e  r a d io g r a p h ic ,  u l t r a s o n ic ,  a c o u s t ic  
e m is s io n  a n d  e l e c t r o m a g n e t i c  f ie ld  t e c h n iq u e s .  T h e  p u rp o s e  o f  a l l  o f  th e s e  te c h n iq u e s  is  t o  
d e t e c t  a n d  p r o v id e  in fo r m a t io n  a b o u t  a n y  d e fe c t s  p r e s e n t  in  t h e  m a t e r ia l  u n d e r  in s p e c t io n .  
T y p i c a l  d e fe c t s  fo u n d  in  m e ta ls  a r e  c ra c k s  a n d  a r e a s  o f  c o r r o s io n .  I d e a l ly ,  N D E  m e th o d s  w i l l  
d e t e c t ,  l o c a t e ,  c h a r a c t e r is e  a n d  d e t e r m in e  t h e  d im e n s io n s  o f  such  f la w s .
T h e  e l e c t r o m a g n e t i c  f i e ld  m e th o d s  in c lu d e  a .c .  o r  d .c . p o t e n t ia l  d i f f e r e n c e  a,nd e d d y -  
c u r r e n t  p r o c e d u r e s ,  t h e  l a t t e r  b e in g  t h e  p r im a r y  c o n c e r n  o f  th is  th e s is .  T h e  a .c . p o t e n t ia l  
d i f f e r e n c e  ( A C P D )  m e th o d [3 6 ,  39 ] h a s  b e e n  g i v e n  m o r e  a t t e n t io n  th a n  t h e  d .c .  p o t e n t ia l  d i f ­
f e r e n c e  m e t h o d  d u e  t o  i t s  a d v a n ta g e  o f  lo w e r  c u r r e n t  d e m a n d  w h ic h  a l lo w s  in s t r u m e n ts  t o  
b e  m o r e  c o m p a c t  a n d  p o r t a b le ,  a n  im p o r t a n t  c o n s id e r a t io n  in  m a n y  N D E  a p p l ic a t io n s .  In  
c o n v e n t io n a l  A C P D  te c h n iq u e s ,  an  a l t e r n a t in g  c u r r e n t  is  in je c t e d  in t o  a  m e t a l  s u r fa c e  in  su ch  
a  w a y  t h a t  t h e  c u r r e n t  f l o w in g  in  th e  m id - r e g io n  b e tw e e n  th e  tw o  e le c t r o d e s  is  a p p r o x im a t e ly  
u n i fo r m .  T h e  c u r r e n t  is  o f  s u f f ic ie n t ly  h ig h  f r e q u e n c y  so  th a t  i t  is  c o n f in e d  t o  f lo w  in  a  t h in  
s k in  n e a r  th e  s u r fa c e  o f  t h e  c o n d u c to r .  T h e  p o t e n t ia l  d i f fe r e n c e  b e t w e e n  p a ir s  o f  p o in t s  o n  
t h e  c o n d u c t o r  s u r fa c e  is  m e a s u r e d  a n d  a n y  p e r t u r b a t io n  o f  th e  f ie ld s  d u e  t o  t h e  p re s e n c e  o f  a
1
d e fe c t  w i l l  b e  d e t e c t e d .  In  th e  s im p l i f ie d  s i tu a t io n  in  w h ic h  a  u n i f o r m  c u r r e n t  is  in c id e n t  o n  
a  s u r fa c e - b r e a k in g  c r a c k  o f  d e p th  d  a n d  in f in i t e  le n g th  l y in g  p e r p e n d ic u la r  t o  t h e  d i r e c t io n  
o f  t h e  c u r r e n t  f l o w ,  t h e  p o t e n t ia l  d i f f e r e n c e  b e t w e e n  p a ir s  o f  p o in t s  o n  th e  m e t a l  s u r fa c e  is  
d i r e c t l y  p r o p o r t i o n a l  t o  t h e  d is ta n c e  t r a v e l le d  b y  th e  c u r r e n t  b e t w e e n  th e  p o in t s .  I f  Fo  is  a  
r e a d in g  o f  t h e  v o l t a g e  f r o m  a  p r o b e  w i t h  b o t h  le g s  o n  th e  s a m e  s id e  o f  t h e  c r a c k  a n d  V c is  
a  r e a d in g  o f  t h e  v o l t a g e  w i t h  th e  p r o b e  s t r a d d l in g  th e  c ra c k  th e n  th e  d e p th  o f  t h e  c ra c k  is  
g iv e n  b y
2 VVo
w h e r e  I is  t h e  l e n g t h  o f  th e  p r o b e .  T h i s  is  p r o b a b ly  th e  s im p le s t  e x a m p le  o f  t h e  w a y  in  w h ic h  
e le c t r o m a g n e t i c  f i e ld  t e c h n iq u e s  c a n  p r o v id e  in fo r m a t io n  a b o u t  f la w s ;  th e  c r a c k  is  d e t e c t e d ,  
l o c a t e d  a n d  a n  e s t im a t e  o f  i t s  d e p th  ca n  b e  fo u n d .
In  e d d y - c u r r e n t  N D E [1 9 ]  th e  a .c .  c u r r e n t  is  n o t  in je c t e d  in t o  th e  t e s t - m e t a l  b u t  r a th e r  
in d u c e d  b y  a  c o i l  p o s i t io n e d  a  s h o r t  d is t a n c e  a b o v e  th e  c o n d u c to r ,  u s u a l ly  w i t h  i t s  a x is  
p e r p e n d ic u la r  t o  t h e  c o n d u c to r  s u r fa c e .  A  d e f e c t  in  th e  m e t a l  b e lo w  a g a in  p e r t u r b s  th e  
e le c t r o m a g n e t i c  f ie ld s  a n d  a n y  such  p e r t u r b a t io n  is  d e t e c t e d  a s  a  c h a n g e  in  th e  im p e d a n c e  o f  
t h e  c o i l .  T h e  in d u c in g  c o i l  i t s e l f  is  u s u a l ly  u sed  f o r  d e t e c t io n  p u rp o s e s  b u t  a  s e p a r a t e  p ic k ­
u p  c o i l  m a y  b e  u s e d . T h e  im p e d a n c e  c h a n g e  in  t h e  c o i l  c a n  b e  r e la t e d  t o  th e  p e r t u r b a t io n  
o f  t h e  f ie ld s  b y  m e a n s  o f  th e  r e c ip r o c i t y  r e la t io n s h ip [4 8 ] ,  a  d e r i v a t io n  o f  w h ic h  is  g iv e n  in  
A p p e n d ix  A .  T h e  th in - s k in  (h ig h - f r e q u e n c y )  n a tu r e  o f  th e  A C P D  m e t h o d  r e a l l y  r e s t r ic t s  i t s  
u se  t o  t h e  d e t e c t io n  o f  d e fe c ts  w h ic h  b r e a k  th e  s u r fa c e  o f  t h e  t e s t  m a t e r ia l .  E d d y - c u r r e n t  
m e th o d s  c a n ,  h o w e v e r ,  o p e r a t e  a t  b o t h  l o w  a n d  h ig h  f r e q u e n c ie s  a n d ,  t h e r e fo r e ,  h a v e  th e  
c a p a c i t y  t o  d e t e c t  f la w s  b u r ie d  d e e p  b e lo w  th e  c o n d u c to r  s u r fa c e .
T h e r e  a r e  a  n u m b e r  o f  v a r ia t io n s  o n  th e  c o n v e n t io n a l  A C P D  a n d  e d d y - c u r r e n t  m e th o d s .  
A  m e th o d  h a s  b e e n  r e p o r t e d  in  w h ic h  th e  c u r r e n t  f o r  an  A C P D  e x p e r im e n t  is  in d u c e d  in  
th e  s p e c im e n  b y  t w o  p a r a l le l ,  U -s h a p e d  w ir e s ,  r a th e r  th a n  b e in g  in je c t e d  in t o  i t [9 6 ] .  T h e  
a d v a n ta g e s  o f  th is  a p p r o a c h  o v e r  t h e  c o n v e n t io n a l  A C P D  m e t h o d  a r e  t h a t  t h e  in d u c in g  
m e c h a n is m  c a n  b e  m o u n t e d  on  th e  p r o b e ,  t h e  f ie ld  c a b le s  h a v e  l i t t l e  in f lu e n c e  o n  t h e  s u r fa c e  
f ie ld  p r o d u c e d  l o c a l l y  u n d e r  th e  p r o b e  a n d  th e r e  a r e  n o  b a r e  f ie ld  c a b le s  t o  b e  m a n ip u la t e d  b y  
th e  o p e r a t o r .  T h e s e  a d v a n ta g e s  a r e ,  o f  c o u rs e ,  in h e r e n t  in  c o n v e n t io n a l  e d d y - c u r r e n t  N D E .  A n  
in t e r e s t in g  v a r ia t i o n  o n  c o n v e n t io n a l  e d d y - c u r r e n t  m e th o d s  is  t h a t  in  w h ic h  t im e  d e p e n d e n c e  
is  in t r o d u c e d  in  s o m e  w a y .  T h e  d e c a y  o f  e d d y - c u r r e n ts  w h ic h  o c c u r s  w h e n  th e  in d u c in g  s o u rc e  
is  s w it c h e d  o f f  h a s  b e e n  e x a m in e d  in  a  th in ,  u n i fo r m ,  p e r f e c t l y  c o n d u c t in g  s h e e t [5 2 ]. T h i s
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p r o b le m  o f  e d d y - c u r r e n t  d e c a y  in  a. s h e e t  is  o f  in t e r e s t  in  a  n u m b e r  o f  b r a n c h e s  o f  p h y s ic s ,  
in c lu d in g  m in in g  g e o p h y s ic s  a n d  g r o u n d  r a d a r  f o r  e n v i r o n m e n t a l  s u r v e y s .  T h e  t r a n s ie n t  
e d d y - c u r r e n t  in s p e c t io n  m e th o d  a ls o  m a k e s  u se  o f  t im e - d e p e n d e n c e [3 0 ] .  A n  e l e c t r o m a g n e t ic  
h e ld  p u ls e  is  e x c i t e d  in  a. c o n d u c t o r  b y  c a u s in g  a  s t e p  c h a n g e  in  th e  c u r r e n t  f l o w in g  th r o u g h  
t h e  in d u c in g  c o i l .  T h e  p r e s e n c e  o f  a  d e fe c t  c a u s e s  p a r t  o f  t h e  p u ls e  t o  b e  s c a t t e r e d  b a c k  
t o  t h e  c o n d u c to r  s u r fa c e  w h e r e  i t  c a n  b e  o b s e r v e d  as  a  t r a n s ie n t  s ig n a l  in  th e  t im e  d o m a in ,  
e i t h e r  as  a n  e m f  a c ro s s  t h e  c o i l  o r  b y  d ir e c t  m e a s u r e m e n t  o f  th e  m a g n e t ic  f i e ld  u s in g ,  f o r  
e x a m p le ,  a  H a l l  s en s o r . T h e  o b s e r v e d  r e s p o n s e  c o n ta in s  in fo r m a t io n  o v e r  a  b r o a d  r a n g e  o f  
f r e q u e n c ie s ,  u n lik e  c o n v e n t io n a l  t im e - h a r m o n ic  e x c i t a t io n  w h ic h  y ie ld s  in fo r m a t io n  o n ly  a t  a  
s in g le  f r e q u e n c y .  T h e  e f f e c t iv e n e s s  o f  th is  m e th o d  in  th e  in s p e c t io n  o f  la y e r e d  s t ru c tu r e s  ( a  
la y e r  o f  c o r r o s io n  s a n d w ic h e d  b e t w e e n  tw o  c o n d u c t in g  p la t e s ,  f o r  e x a m p le )  h a s  a l r e a d y  b e e n  
d e m o n s t r a t e d  a n d  th e r e  e x is t s  p o t e n t ia l  f o r  a p p l ic a t io n  in  o th e r  s i tu a t io n s .
T h e  f i e ld  o f  q u a n t i t a t i v e  e d d y - c u r r e n t  N D E  is  s t i l l  r e l a t i v e l y  y o u n g  a n d ,  a l t h o u g h  m u c h  
r e s e a r c h  h a s  a lr e a d y  b e e n  d o n e ,  th e r e  is  p le n t y  o f  s c o p e  f o r  fu r t h e r  w o r k .  T h e  u l t im a t e  
e d d y - c u r r e n t  s y s t e m ,  w h ic h  w i l l  g i v e  a  c o m p le t e  d e s c r ip t io n  o f  a n  u n k n o w n  f la w  m e r e ly  f r o m  
m e a s u r e d  c h a n g e s  in  im p e d a n c e ,  is  s t i l l  a. l o n g  w a y  o f f .  T h e  in fe r e n c e  o f  in fo r m a t io n  a b o u t  
a  d e f e c t  f r o m  c h a n g es  in  e x t e r n a l  m e a s u r e m e n ts  is  k n o w n  a s  th e  ‘ in v e r s e  p r o b l e m ’ . O n ly  
a  h a n d fu l  o f  a u th o rs  h a v e ,  t o  d a t e ,  g iv e n  s e r io u s  c o n s id e r a t io n  t o  th is  d i f f i c u l t  t h e o r e t ic a l  
p r o b le m [3 2 ,  76 , 82 , 8 4 , 9 2 ]. T h e  c o n v e r s e  p r o b le m ,  t h a t  o f  p r e d ic t in g  th e  c h a n g e  in  p r o b e  
im p e d a n c e  p r o d u c e d  b y  a  g i v e n  f la w ,  is  c ru c ia l t o  t h e  s o lu t io n  o f  t h e  in v e r s e  p r o b le m  a n d  is  
k n o w n  as  t h e  ‘ f o r w a r d  p r o b le m ’ . T h e  f o r w a r d  p r o b le m  is m u c h  b e t t e r  d o c u m e n te d  th a n  th e  
in v e r s e  p r o b le m  a n d  h a s  b e e n  s o lv e d  f o r  a  v a r i e t y  o f  c u r r e n t  s o u rc e s  a n d  d e f e c t  g e o m e t r ie s .
O f  t h e  m o d e r n  w o r k  o n  e d d y - c u r r e n t  th e o r y ,  s o m e  o f  th e  e a r l i e s t  is  t h a t  b y  P .  H a m m o n d [4 5 ] ,  
M .  L .  B u r r o w s [3 3 ] a n d  C .  V .  D o d d  a n d  W .  E .  D e e d s [3 8 ] .  H a m m o n d  e x a m in e d  th e  e d d y -  
c u r r e n ts  in d u c e d  in  a  c o n d u c t in g  h a l f - s p a c e  b y  a  c ir c u la r  c u r r e n t  l o o p  in  th e  a i r  a b o v e  i t .  T h e  
e f f e c t i v e  im p e d a n c e  o f  t h e  c o n d u c to r  w a s  c a lc u la t e d  a n d  th e  b e h a v io u r  o f  t h e  e d d y - c u r r e n ts  
w a s  f o u n d  t o  d e p e n d  o n  th r e e  d im e n s io n le s s  q u a n t i t ie s :  l i f t - o f f / c o i l  r a d iu s ,  t h e  r a t i o  o f  t h e  
p e r m e a b i l i t i e s ,  p o  /  ^ conductor, a n d  c o i l  r a d iu s / e le c t r o m a g n e t ic  s k in  d e p th ,  6 . T h e  b e h a v io u r a l  
d e p e n d e n c e  o n  th e  r a t i o  o f  t h e  m a g n e t ic  p e r m e a b i l i t i e s  in d ic a t e s  t h a t  t h e  e d d y - c u r r e n t s  in ­
d u c e d  in  i r o n  a n d  a lu m in iu m ,  say , w i l l  b e h a v e  v e r y  d i f f e r e n t ly .  D o d d  a n d  D e e d s  p e r fo r m e d  
a  s im i la r ,  b u t  m o r e  g e n e r a l ,  t a s k  in  s o lv in g  t h e  p r o b le m  o f  a  c o i l  l y in g  a b o v e  a  h a l f - s p a c e  
c o n d u c t o r  n o w  c o a t e d  w i t h  a  u n i fo r m  la y e r  o f  a  d i f f e r e n t  c o n d u c t in g  m a t e r ia l ,  a  s o lu t io n
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w h ic h  c o n ta in s  H a m m o n d ’s c o n d u c t in g  l ia l f - s p a c e  s o lu t io n  as  a  s p e c ia l  c a s e ,  a lo n g  w i t h  th e  
s o lu t io n  f o r  a  s la b  o f  f in i t e  th ic k n e s s .  D o d d  a n d  D e e d s  a ls o  s o lv e d  th e  p r o b le m  o f  a  lo n g ,  
la y e r e d  c o n d u c t in g  r o d  s u r r o u n d e d  b y  a  c u r r e n t - c a r r y in g  c o i l .  T h e  s o lu t io n s  w e r e  fo u n d  in  
te r m s  o f  th e  m a g n e t ic  v e c t o r  p o t e n t ia l .  B u r r o w s ’s w o r k  s im i la r l y  f o r m s  a  la n d m a r k  in  th e  
d e v e lo p m e n t  o f  e d d y - c u r r e n t  t h e o r y  s in c e  h e  c o n s id e r e d  th e  e f f e c t  o f  in t r o d u c in g  a  s m a l l ,  
s u b s u r fa c e  f la w  in t o  a  c o n d u c t in g  h a lf-sp a .c e . S p h e r ic a l  a n d  p r o la t e  a n d  o b la t e  s p h e r o id a l  
f la w s  w e r e  t r e a t e d  e x p l i c i t l y  a n d  th e i r  b e h a v io u r  r e la t e d  t o  t h a t  o f  a  c u r r e n t  d ip o le [1 0 6 ] .  T h e  
c h a n g e  in  im p e d a n c e  d u e  t o  t h e  f la w  w a s  a ls o  c a lc u la t e d  u s in g  th e  r e c ip r o c i t y  th e o r e m .
A n o t h e r  s ig n i f ic a n t  a d v a n c e  in  w o r k  o n  th e  f o r w a r d  p r o b le m  o c c u r r e d  in  1977  w h e n  
A .  H .  K a h n ,  R .  S p a l a n d  A .  F e ld m a n  c o n s id e r e d  a  lo n g ,  c lo s e d ,  s u r fa c e - b r e a k in g  c ra c k  in  
a  u n i fo r m  in c id e n t  f ie ld .  T h e  h ig h - fr e q u e n c y  l im i t ,  in  w h ic h  th e  c u r r e n ts  f lo w  in  a  th in  s k in  
n e a r  t o  th e  s u r fa c e  o f  th e  c o n d u c t o r  a n d  th e  c ra c k  fa c e s ,  e n a b le s  th e  p r o b le m  t o  b e  t r e a t e d  
b y  c o n s id e r in g  th e  e d g e ,  fa c e s  a n d  c o r n e r s  o f  t h e  c ra c k  s e p a r a t e ly .  T h e  f r e q u e n c y  w a s  a s ­
s u m e d  s u f f ic ie n t ly  h ig h  t o  r e n d e r  th e  p e r t u r b a t io n  o f  t h e  f ie ld s  b y  th e  c r a c k  e d g e  a n d  c o r n e r s  
d e c o u p le d .  T h i s  w a s  a  c le v e r ,  e v e n  i f  u n r ig o r o u s ,  a p p r o a c h  w h ic h  y i e ld e d  a  s im p le  f o r m u la  
f o r  t h e  im p e d a n c e  c h a n g e  c o n t a in in g  t w o  u s e fu l c o n s ta n t s  r e la t e d  t o  t h e  im p e d a n c e  c o n t r ib u ­
t io n s  f r o m  th e  e d g e  a n d  c o r n e r s  o f  t h e  c ra c k .  T h e s e  h a v e  b e e n  w id e l y  r e fe r r e d  t o  s in c e  t l i e i r  
p u b l ic a t io n [1 6 ,  3 2 , 8 2 ].
B .  A .  A u ld  h a s  b e e n  in v o lv e d  w i t h  a  la r g e  a m o u n t  o f  w o r k  in  e d d y - c u r r e n t  N D E ,  e x a m ­
in in g  th e  f o r w a r d  p r o b le m  f o r  a  v a r i e t y  o f  d e fe c ts  a n d  p r o b e s [1 6 ,  17] a n d  p r o p o s in g  a  s im p le  
in v e r s io n  s c h e m e [8 2 ].  T h e  t h e o r y  is  d e v e lo p e d  o n  th e  a s s u m p t io n  t h a t  t h e  f ie ld s  o n  th e  s u r ­
fa c e  o f  th e  c o n d u c to r  (a n d ,  f o r  a  s u r fa c e - b r e a k in g  c r a c k ,  t h e  f ie ld s  a c ro s s  t h e  c ra c k  m o u t h )  
a r e  u n p e r tu r b e d  b y  th e  p r e s e n c e  o f  t h e  c ra c k . T h i s  a s s u m p t io n  h a s  b e c o m e  k n o w n  in  e d d y -  
c u r r e n t  th e o r y  as  t h e  ‘ B o r n  a p p r o x im a t i o n ’ , s o  c a l le d  s in c e  th e  m o d e l l in g  is  a n a lo g o u s  t o  t h e  
B o r n  a p p r o x im a t io n  u sed  f o r  th e  c a lc u la t io n  o f  s c a t t e r in g  c r o s s - s e c t io n s  in  w a v e  s c a t t e r in g  
th e o r y ,  in  w h ic h  th e  s c a t t e r e d  f ie ld  is  n e g le c t e d  in  th e  c a lc u la t io n  o f  t h e  c r o s s - s e c t io n .  A  
g e n e r a l  t h e o r y  o f  e d d y - c u r r e n t  f la w  r e s p o n s e  w a s  d e v e lo p e d  f o r  b o t h  s ta n d a r d  e d d y - c u r r e n t  
a n d  f e r r o m a g n e t ic  r e s o n a n c e  p r o b e s  f o r  s im p le  tw o -  a n d  t h r e e - d im e n s io n a l  o p e n  a n d  c lo s e d  
s u r fa c e -b r e a k in g  f la w s .  C a lc u la t io n s  w e r e  p e r fo r m e d  f o r  c ra c k s  V - s h a p e d  in  c r o s s -s e c t io n  a n d  
c ra c k s  r e c t a n g u la r  in  c r o s s - s e c t io n  s u ch  as th o s e  p r o d u c e d  b y  e le c t r o - d is c h a r g e  m a c h in in g  f o r  
e x p e r im e n t a l  p u rp o s e s .  T h e  im p e d a n c e  c h a n g e  d u e  t o  t h e  lo n g ,  tw o - d im e n s io n a l  c ra c k  w a s  
c o m p o s e d  o f  th e  ‘ K a h n  t e r m s ’ , a c c o u n t in g  f o r  th e  c o n t r ib u t io n s  f r o m  th e  c r a c k  c o rn e r s ,  e d g e
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a n d  fa c e s ,  a n d  t w o  a d d i t io n a l  t e r m s  a c c o u n t in g  f o r  t h e  c ra c k  o p e n in g .  T h e  t h e o r y  is  r e a l ly  fa r  
f r o m  r ig o r o u s  s in c e , o v e r  a n d  a b o v e  th e  B o r n  a p p r o x im a t io n ,  i t  is a s s u m e d  th a t  th e  u n m o d ­
i f i e d  K a h n  t e r m s  a r e  v a l id  f o r  c ra c k s  o f  f in i t e  o p e n in g .  T h e r e  is  n o  g u a r a n t e e  t h a t  th is  is  in  
f a c t  t h e  c a s e ; in d e e d  a  r ig o r o u s  d e v e lo p m e n t  m a y  w e l l  y ie ld  fu r t h e r  t e r m s  o f  o r d e r  c o m p a r a b le  
w i t h  t h a t  o f  t h e  K a h n  t e r m s .  T h e  a r g u m e n t  f o r  v a l id i t y  is  s t r e t c h e d  f a r t h e s t  in  th e  c a s e  o f  
t h e  f l a t  b o t t o m e d ,  r e c t a n g u la r  n o t c h ,  f o r  w h ic h  th e  a u th o r s  a c k n o w le d g e  t h a t  th e  a c c u ra c y  
o f  t h e  K a h n  c o r r e c t io n  t e r m  (w h ic h  w a s  c a lc u la t e d  f o r  a  c lo s e d  c r a c k )  is  q u e s t io n a b le .  In  
a  l a t e r  p a p e r [8 2 ] ,  a  s o lu t io n  t o  t h e  f o r w a r d  p r o b le m  s im i la r  t o  t h a t  d e s c r ib e d  a b o v e  f o r  th e  
s u r fa c e - b r e a k in g ,  r e c t a n g u la r  n o tc h  w a s  u sed  a s  t ir e  b a s is  o f  a  s im p le  s c h e m e  f o r  e x t r a c t in g  
t h e  p o s i t io n  a n d  o v e r a l l  d im e n s io n s  o f  th e  c r a c k ;  t h e  f ir s t  s y s t e m  t o  a c h ie v e  th is .  T h e  B o r n  
a p p r o x im a t io n  w a s  u sed  t o  c a lc u la t e  a  s im p le  e x p r e s s io n  f o r  t h e  im p e d a n c e  c h a n g e  w h ic h  w a s  
p a r a m e t e r is e d  in  t e r m s  o f  th r e e  u n k n o w n s .  M e a s u r e m e n ts  o f  th e  im p e d a n c e  c h a n g e  a t  th r e e  
f r e q u e n c ie s  a n d  s o lu t io n  o f  t h e  r e s u l t in g  m a t r i x  e q u a t io n  y ie ld e d  e s t im a t e s  o f  t h e  le n g th ,  
d e p th  a n d  o p e n in g  o f  t h e  c ra c k .  S in c e  th e  m o d e l  is  n o t  e x a c t ,  h o w e v e r ,  i t  w a s  fo u n d  t h a t  th e  
f l a w  d im e n s io n s  c a n n o t  c o n s is t e n t ly  b e  p r e d ic t e d  f r o m  th r e e  m e a s u re m e n ts .
T h e  t h e o r e t i c a l  a d v a n c e m e n t  in  th e  s o lu t io n  o f  t h e  f o r w a r d  p r o b le m  c o n t in u e d  w i t h  th e  in ­
t r o d u c t io n  o f  a  u s e fu l s im p l i f y in g  t e c h n iq u e  b y  J . R .  B o w le r [2 3 ], la t e r  g e n e r a l is e d  b y  S . M .  N a i r  
a n d  J . H .  R o s e [8 5 ] .  B o w le r  u s e d  a  s im p le  s c a la r  r e p r e s e n t a t io n  t o  d e s c r ib e  th e  e le c t r o m a g ­
n e t i c  f ie ld  in  th e  q u a s i- s t a t ic  l im i t  f o r  a n  a r b i t r a r y ,  t im e - h a r m o n ic  s o u rc e  c u r r e n t  lo c a t e d  in  
a i r  a b o v e  a  c o n d u c t in g  h a .lf-spa .ce  c o n t a in in g  a  s u b s u r fa c e  d e fe c t .  I t  w a s  s h o w n  th a t  s in c e ,  
in  t h e  q u a s i- s t a t ic  l im i t ,  t h e  m a g n e t ic  f i e ld  in  a  n o n - c o n d u c t in g  r e g io n  m a y  b e  w r i t t e n  as 
t h e  g r a d ie n t  o f  a  s c a la r  fu n c t io n ,  t h e  s c a la r  p o t e n t i a l  f o r m u la t io n  o f fe r s  a n  e s p e c ia l ly  c o n c is e  
r e p r e s e n t a t io n  f o r  t h e  f ie ld  in  th is  l im i t .  T h e  p r o b le m  re d u c e s  t o  o n e  o f  s o l v in g  in d e p e n ­
d e n t  o r d in a r y  d i f f e r e n t ia l  e q u a t io n s  f o r  th e  t r a n s v e r s e  e le c t r ic  a n d  t r a n s v e r s e  m a g n e t ic  s c a la r  
p o t e n t ia ls .  T h e  g e n e r a l is a t io n  o f  th is  w o r k  b y  N a i r  a n d  R o s e  a l lo w e d  e a c h  h a l f - s p a c e  t o  
h a v e  a r b i t r a r y  c o n s ta n t  c o n d u c t iv i t y ,  m a g n e t ic  p e r m e a b i l i t y  a n d  d ie le c t r ic  c o n s ta n t .  C u r r e n t  
s o u rc e s  in  e i t h e r  o r  b o t h  h a lf - s p a c e s  w e r e  p e r m i t t e d ,  e n a b l in g  t r e a tm e n t  o f  a  s u b s u r fa c e  f la w  
as  a n  e q u iv a le n t  c u r r e n t  s o u rc e .  In  a d d i t i o n ,  t h e  c o m p le t e  M a x w e l l ’s e q u a t io n s  w e r e  s o lv e d  
w i t h o u t  m a k in g  th e  q u a s i- s t a t ic  a p p r o x im a t io n .  T h e  s o lu t io n  f o r  th e  e le c t r o m a g n e t i c  f ie ld  
d e p e n d e d  o n ly  o n  t h a t  f o r  tw o  v a r ia b le s ;  t h e  c o m p o n e n t s  o f  th e  m a g n e t ic  f i e ld  a n d  c u r r e n t  
p e r p e n d ic u la r  t o  t h e  in t e r fa c e  b e t w e e n  th e  h a lf - s p a c e s .  T h e  fo r m u la t io n  is ,  u n s u rp r is in g ly ,  
p a r t i c u la r l y  s u i t a b le  f o r  lo w - f r e q u e n c y  a s y m p t o t ic s  a n d  w e a k  s c a t t e r in g  (B o r n  a p p r o x im a ­
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t i o n )  a s y m p to t ic s .
A n o t h e r  r ig o r o u s  lo w - f r e q u e n c y  s o lu t io n  w a s  p r e s e n te d  b y  S . K .  B u r k e  in  1988  f o r  a  
th r o u g h - th ic k n e s s  c r a c k  in  a  c o n d u c t in g ,  n o n - m a g n e t ic  p la t e [3 1 ] .  T h e  c ra c k  w a s  m o d e l le d  as  a  
d is t r ib u t io n  o f  c u r r e n t  v o r t i c e s  w h o s e  d e n s ity  w a s  fo u n d  b y  s o lv in g  a  o n e - d im e n s io n a l  s in g u la r  
in t e g r a l  e q u a t io n .  T h e  a n a ly t i c a l  r e s u lts  p r e s e n t e d  a g r e e  e x c e l le n t ly  w i t h  e x p e r im e n t a l  r e s u lts  
f o r  p la t e s  o f  d e p th  u p  t o  0 .4 8.
T h is  r e v i e w  o f  t h e  d e v e lo p m e n t  o f  th e  s o lu t io n  o f  th e  f o r w a r d  p r o b le m  in  e d d y - c u r r e n t  
t h e o r y  is  c o n c lu d e d  w i t h  th e  n o t e  t h a t  r e p r e s e n ta t io n  o f  a  f la w  b y  s o m e  e q u iv a le n t  s o u r c e  
d is t r ib u t io n  (s u c h  as  c u r r e n t  v o r t ic e s  as a b o v e  o r ,  m o r e  c o m m o n ly ,  c u r r e n t  d ip o l e s )  p r o v id e s  
p o s s ib ly  th e  m o s t  p r o m is in g  a n g le  f r o m  w h ic h  m o d e l l in g  o f  d e fe c ts  c a n  b e  p e r fo r m e d .  In  
1 9 8 6 (2 2 ] i t  w a s  s h o w n  t h a t  B u r r o w s ’ s r e s u lt [3 3 ],  in  w h ic h  a  s m a ll  s u b s u r fa c e  d e f e c t  is  r e p r e ­
s e n te d  b y  a  c u r r e n t  d ip o le  o f  a p p r o p r ia t e  s t r e n g th ,  c a n  b e  e x t e n d e d  t o  d e fe c ts  o f  a r b i t r a r y  s iz e  
b y  f in d in g  th e  e q u iv a le n t  s u r fa c e  d is t r ib u t io n  o f  c u r r e n t  d ip o le s .  T h is  is  a  p o w e r fu l  m e th o d  
w h ic h  m a y  b e  a d a p t e d  e a s i ly  t o  d e a l  w i t h  a  v a r i e t y  o f  d e fe c t  s h a p e s . M o r e  r e c e n t ly ,  a  n u ­
m e r ic a l  c o d e  h a s  b e e n  d e v e lo p e d  w h ic h  is c a p a b le  o f  s o lv in g  th e  f o r w a r d  p r o b le m  f o r  d e fe c t s  
w i t h  v a r io u s  g e o m e t r ie s  in  a  f i e ld  in d u c e d  b y  a  c o i l  s i tu a te d  a b o v e  th e  c o n d u c t o r [2 4 ]. T h e  
s o lu t io n  f o r  t h e  e q u iv a le n t  c u r r e n t  d ip o le  d e n s i t y  o n  th e  f la w  is  fo u n d  f r o m  th e  n u m e r ic a l  
s o lu t io n  o f  a  F r e d h o lm  in t e g r a l  e q u a t io n  o f  th e  s e c o n d  k in d  w i t h  a  d y a d ic  G r e e n ’ s fu n c t io n  
k e rn e l.  T h e  c a lc u la t e d  im p e d a n c e  c h a n g e  d e m o n s t r a t e s  r e m a r k a b ly  g o o d  a g r e e m e n t  w i t h  e x ­
p e r im e n t  a n d  th e  c o d e  is  n o w  c o m m e r c ia l ly  a v a i la b le .  T h e  in t e g r a l  e x p r e s s io n s  a ls o  p r o v id e  
a  m e a n s  o f  d e d u c in g  th e  e q u iv a le n t  c u r r e n t  d ip o le  d e n s it y  o n  a  c ra c k  f r o m  m e a s u r e m e n ts  o f  
t h e  m a g n e t i c  f ie ld ,  th u s  p r o v id in g  a  m e a n s  o f  im a g in g  th e  c ra c k  in  t e r m s  o f  i t s  d ip o le  d e n s i t y  
d is t r ib u t io n [4 9 ] .
F in a l l y ,  a n  a n a ly t i c a l  c a lc u la t io n  o f  th e  r e s p o n s e  o f  an  a ir - c o r e d  e d d y - c u r r e n t  p r o b e  t o  
a  lo n g ,  c lo s e d ,  s u r fa c e - b r e a k in g  c ra c k  o f  u n i fo r m  d e p th  w a s  p r e s e n te d  b y  A .  M .  L e w is  in  
1 9 9 2 (7 5 ]. T h e  p r o b le m  w a s  fo r m u la t e d  in  t e r m s  o f  th e  m a g n e t ic  s c a la r  p o t e n t i a l  s u b je c t  t o  
s u r fa c e  im p e d a n c e  b o u n d a r y  c o n d it io n s  w i t h  a. l in e - s o u r c e  r e p r e s e n ta t io n  f o r  t h e  c ra c k .  T h e  
p r o b le m  w a s  s o lv e d  f o r  b o t h  f e r r o m a g n e t ic  a n d  n o n - m a g n e t ic  m a te r ia ls  in  t h e  th in - s k in  l im i t  
b y  m e a n s  o f  s p a t ia l  F o u r ie r  t r a n s fo r m s .  T h e  p r o b e  s ig n a l  w a s  e x p r e s s e d  in  t e r m s  o f  t w o  
in t e g r a ls  w h ic h ,  in  g e n e r a l ,  m u s t  b e  e v a lu a t e d  n u m e r ic a l ly .
M o r e  o r  le ss  in  p a r a l l e l  w i t h  th e  t h e o r e t ic a l  d e v e lo p m e n t  o f  th e  e d d y - c u r r e n t  f o r w a r d  
p r o b le m ,  t h e  c o r r e s p o n d in g  t h e o r y  f o r  th e  A C P D  m e th o d  w a s  b e in g  d e v e lo p e d .  T h e  s im i la r i t y
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b e t w e e n  th e  t w o  m e th o d s  m a k e s  i t  in t e r e s t in g ,  b r ie f ly ,  t o  r e v i e w  th is  w o r k .  T h e  n e e d  fo r  
a  r ig o r o u s  A C P D  th e o r y  w a s  p r o v id e d  b y  d e v e lo p m e n t  o f  th e  C r a c k  M ic r o g a u g e [3 9 ] ,  w h ic h  
c o n s is t s  o f  a  s t a b le ,  c o n s ta n t  a .c . s o u rc e  a n d -a  s e n s it iv e  a .c . v o l t m e t e r  c a p a b le  o f  m e a s u r in g  th e  
v o l t a g e  d is t r ib u t io n  a r o u n d  a. s u r fa c e - p e n e t r a t in g  d e fe c t  in  a  m e ta l  c a r r y in g  th e  a l t e r n a t in g  
c u r r e n t  in  a  th in  s k in  n e a r  i t s  su rfa .ce . T h e  ‘ u n fo ld in g  t h e o r e m ’ (w h ic h  is  v a l id  o n ly  f o r  
f e r r o m a g n e t i c  m a t e r ia l s )  w a s  d e v e lo p e d ,  so  c a l le d  b e c a u s e  th e  u n i f o r m  f l o w  o f  c u r r e n t  in  a  
s h e e t  n e a r  th e  c o n d u c to r  s u r fa c e  a n d  o v e r  t h e  fa c e s  o f  t h e  f la w  e n a b le s  t h e  fa c e  o f  th e  c r a c k  t o  
b e  t r e a t e d  s im p ly  as  an  e x t e n s io n  o f  th e  f la t  c o n d u c to r  s u r fa c e  in  th e  s a m e  p la n e .  I t  is  a r g u e d  
t h a t ,  o n  th e  le n g t h  s c a le  o f  th e  c r a c k ,  th e  p e r t u r b a t io n  o f  t h e  f ie ld s  in  t h e  n e ig h b o u r h o o d  o f  
t h e  s u r fa c e  a n d  in t e r io r  e d g e s  o f  t h e  c ra c k  a r e  n e g l ig ib le .  T h e  m a g n e t i c  s c a la r  p o t e n t ia l  is  
th e n  a s s u m e d  t o  s a t is f y  th e  tw o - d im e n s io n a l  L a p la c e  e q u a t io n  o v e r  th is  u n fo ld e d  s u r fa c e .  T h e  
u n fo ld in g  th e o r e m  is  c le v e r  in  t h a t  i t  s im p li f ie s  th e  t h e o r y  o f  th e  p r o b le m  d r a m a t ic a l l y  a n d  
f o r  s o m e  g e o m e t r ie s  th e  c o n fo r m a l  m a p p in g  s o lu t io n  m e th o d  o f  t h e o r e t i c a l  h y d r o d y n a m ic s  
c a n  b e  e x p lo i t e d [7 8 ] .  C ir c u la r  a r c ,  r e c t a n g u la r ,  t r ia n g u la r  a n d  e l l ip s o id a l  c ra c k s  h a v e  b e e n  
t r e a t e d  in  th is  w a y [36 ].
I t  h a s  b e e n  s h o w n  t h a t ,  o n  th e  le n g th  s c a le  o f  th e  c ra c k ,  th e  f i e ld  p e r t u r b a t io n  b y  th e  
s u r fa c e  a n d  in t e r i o r  e d g e s  o f  t h e  c ra c k  a r e  in d e e d  s m a l l  f o r  th is  s y s t e m [7 7 ] .  In  o r d e r  t o  d e m o n ­
s t r a t e  t h a t  th is  is  s o ,  c o r n e r  s o lu t io n s ' f o r  a  c ra c k  o f  a r b i t r a r y  in c l in a t io n  t o  t h e  c o n d u c to r  
s u r fa c e  w e r e  fo u n d  r ig o r o u s ly .  T h i s  w o r k  e f f e c t i v e ly  g e n e ra l is e s  th e  K a h n  c o r r e c t io n  t e r m s  t o  
a r b i t r a r y  a n g le  o f  in c l in a t io n  o f  th e  c ra c k  a n d ,  as  e x p e c t e d ,  t h e  r e s u lts  f o r  w e d g e s  o f  a n g le  
Tr/ 2  a n d  2 tt a g r e e  w i t h  th o s e  t e r m s  c a lc u la t e d  b y  K a h n  f o r  t h e  c o r n e r  a n d  e d g e  o f  a  s u r fa c e -  
b r e a k in g  c r a c k  w h o s e  p la n e  w a s  p e r p e n d ic u la r  t o  t h e  c o n d u c to r  s u r fa c e .  A  c o n s e q u e n c e  o f  
th e s e  c o r n e r  t e r m s  b e in g  s m a l l  is  t h a t  n o  in fo r m a t io n  c o n c e r n in g  th e  a n g le  o f  in c l in a t io n  o f  
t h e  c r a c k  p la n e  t o  th e  c o n d u c to r  s u r fa c e  is  a v a i la b le .  I t  h as  b e e n  s u g g e s t e d  t h a t  t h e  a n g le  
o f  in c l in a t io n  o f  a  c ra c k  c o u ld  b e  d e d u c e d  f r o m  e x p e r im e n t a l  in v e s t i g a t io n  o f  th e s e  c o r n e r  
s o lu t io n s  a n d  t h a t  t h e ir  m a g n i tu d e  c o u ld  b e  e n h a n c e d  b y  in c r e a s in g  th e  e l e c t r o m a g n e t i c  s k in  
d e p th  t o  s o m e  e x t e n t .  A  s ig n i f ic a n t  r e d u c t io n  in  f r e q u e n c y  w o u ld ,  h o w e v e r ,  d is t r ib u t e  th e  
f ie ld s  t h r o u g h o u t  th e  in t e r io r  o f  th e  s p e c im e n  o n  th e  s c a le  o f  th e  c r a c k  d im e n s io n s  so  t h a t  
t h e  s y s t e m  c o u ld  n o  lo n g e r  b e  d e s c r ib e d  as  h a v in g  a  s u r fa c e  d is t r ib u t io n  o f  c u r r e n t .
T h e  e x a c t  n a t u r e  o f  th e  r e la t io n s h ip  b e tw e e n  th e  A C P D  m e t h o d ,  t h e  m o d e l  f o r  w h ic h  
a s s u m e s  t h a t  t h e  m a g n e t ic  s c a la r  p o t e n t ia l  s a t is f ie s  t h e  t w o - d im e n s io n a l  L a p la c e  e q u a t io n  
o n  th e  c o n d u c t o r  s u r fa c e ,  a n d  th e  e d d y - c u r r e n t  m o d e l l in g  in  w h ic h  a n  a p p r o x im a t io n  o f  a
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B o r n  t y p e  is  u s e d , w a s  d e s c r ib e d  in  1988  b y  A .  M .  L e w is ,  D .  H . M ic h a e l ,  M .  C .  L u g g  a n d  
R .  C o l l in s [7 4 ] .  T h e  a p p a r e n t  d is a g r e e m e n t  b e t w e e n  th e  t w o  m e th o d s  is  e x p o s e d  b y  d e m o n ­
s t r a t in g  th a t  th e  tw o  th e o r ie s  f o r m  d i f f e r e n t  a s y m p t o t i c  l im i t s  o f  th e  s a m e  g e n e r a l  th e o r y .  
T h e  k e y  t o  th e  r e c o n c i l ia t io n  l ie s  in  t h e  u n d e r s t a n d in g  o f  th e  c o u p l in g  o f  th e  e l e c t r o m a g n e t i c  
f ie ld s  o u t s id e  th e  s p e c im e n  w i t h  th e  s u r fa c e  f ie ld .  T h e  s o lu t io n  h a s  tw o  e x t r e m e s  d e p e n d ­
in g  o n  th e  v a lu e  o f  th e  r a t i o  m  —  p o l / p c8, k n o w n  as  th e  M ic h a e l  n u m b e r ,  w h e r e  I is  th e  
l e n g t h  s c a le  o f  th e  c ra c k  a n d  p c t h e  p e r m e a b i l i t y  o f  th e  t e s t  m a t e r ia l .  F o r  m e t a ls  o f  h ig h  
p e r m e a b i l i t y  su ch  as  m i ld  s t e e l ,  p c >  p o  a n d  m  is s m a l l .  T h i s  m e a n s  t h a t  t h e  m a g n e t ic  
s c a la r  p o t e n t ia l  s a t is f ie s  th e  t w o - d im e n s io n a l  L a p la c e  e q u a t io n  o n  t h e  c o n d u c t o r  s u r fa c e .  F o r  
m e ta ls  su ch  as  a lu m in iu m ,  f o r  w h ic h  p c «  p o  a n d  th e  M ic h a e l  n u m b e r  is  r e l a t i v e l y  la r g e ,  th e  
n o r m a l  d e r i v a t i v e  o f  th e  m a g n e t i c  s c a la r  p o t e n t ia l  is  z e r o  a t  th e  c o n d u c to r  s u r fa c e .  T h i s  is 
th e  s u r fa c e  c o n d it io n  w h ic h  u n d e r l ie s  t h e  B o r n  a p p r o x im a t io n .  T h e  L a p la c e  a p p r o x im a t io n  
is ,  t h e r e fo r e ,  a p p r o p r ia t e  f o r  h ig h  p e r m e a b i l i t y  m a t e r ia ls  w h i le  th e  B o r n  a p p r o x im a t io n  is  
a p p r o p r ia t e  f o r  m a te r ia ls  o f  l o w  p e r m e a b i l i t y  a n d  h ig h  c o n d u c t iv i t y ,  b u t  o n ly  f o r  s y s t e m s  in  
w h ic h  t e r m s  o f  t h e  o r d e r  o f  t h e  K a h n  t e r m s  c a n  b e  n e g le c t e d .
H a v in g  r e v ie w e d  m e th o d s  b y  w h ic h  th e  f o r w a r d  p r o b le m  m a y  b e  s o lv e d ,  a t t e n t i o n  is  n o w  
tu r n e d  t o  th e  in v e r s e  p r o b le m ;  t h a t  o f  in fe r r in g  in fo r m a t io n  a b o u t  a  d e fe c t  f r o m  e x t e r n a l  
m e a s u r e m e n ts .  T h e  e a r l ie s t ,  a n d  m o s t  s im p le ,  m e th o d  p r o p o s e d  f o r  in v e r s io n ,  in  w h ic h  
im p e d a n c e  m e a s u r e m e n ts  a t  t h r e e  d i f f e r e n t  f r e q u e n c ie s  w e r e  u s e d  t o  f in d  th r e e  u n k n o w n  
p a r a m e t e r s  in  t h e  im p e d a n c e  f o r m u la  w h ic h  w e r e  th e n  r e la t e d  t o  th e  c ra c k  le n g t h ,  d e p th  a n d  
o p e n in g [8 2 ] ,  h a s  a lr e a d y  b e e n  d e s c r ib e d .  T h e  m e t h o d  w a s  a c k n o w le d g e d  as  n o t  b e in g  v e r y  
a c c u r a te .
A  su c ce s s fu l in v e r s io n  s c h e m e  f o r  th e  A C P D  m e t h o d  w a s  p u b l is h e d  b y  M .  M c l v e r  in  
1 9 8 9 [7 6 ]. T h e  s h a p e  o f  a  s u r fa c e - b r e a k in g  c ra c k  w a s  p r e d ic t e d  f r o m  th e  p o t e n t ia l  d is t r ib u t io n  
o n  th e  c o n d u c to r  s u r fa c e  b y  a  t h e o r e t ic a l  f o r m u la t io n  in  w h ic h  th e  u n fo ld in g  th e o r e m  w a s  
u sed  a n d  th e  e l e c t r ic  p o t e n t ia l  a n d  s t r e a m  fu n c t io n  w e r e  t r e a t e d  as  in d e p e n d e n t  v a r ia b le s .  I t  
w a s  a s s u m e d  t h a t  t h e  c u r r e n t  in c id e n t  o n  a. s in g le  s u r fa c e - b r e a k in g  c ra c k  w i t h  n o  c o n d u c t in g  
p a th  b e tw e e n  i t s  fa c e s  w a s  u n i fo r m  a n d  th a t  t h e  l o c a t io n  o f  t h e  c ra c k  e n d s  w a s  k n o w n .  T h e  
s h a p e  o f  t h e  lo w e r  e d g e  o f  th e  c r a c k  w a s  d e t e r m in e d  f r o m  th e  n u m e r ic a l  s o lu t io n  o f  a  F r e d h o lm  
in t e g r a l  e q u a t io n  o f  th e  f i r s t  k in d .  T h e  th e o r y  w a s  t e s t e d  o n  a  n u m b e r  o f  c ra c k s  o f  k n o w n  
s h a p e  a n d  fo u n d  t o  g i v e  e x c e l le n t  a g r e e m e n t  w i t h  th e  a c tu a l  p r o f i le s .
In  1 9 9 0 , S . M .  N a i r  a n d  J . H .  R o s e  p r e s e n t e d  a  l in e a r  m e t h o d  f o r  e d d y - c u r r e n t  in v e r s io n
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(b a s e d  o n  th e  B o r n  a p p r o x im a t io n )  w h ic h  w a s  t e s t e d  o n  p s e u d o - d a ta  f o r  a  la y e r e d  h a l f - s p a c e  
c o n d u c t o r  a n d  g a v e  r e a s o n a b le  r e s u lts  f o r  c o n d u c t i v i t y  v a r ia t io n  w i t h  d e p th .  T h e  th e o r y  w a s  
d e v e lo p e d  f o r  a  s p a t ia l l y  p e r io d ic ,  t im e  h a r m o n ic  c u r r e n t  s h e e t  s o u rc e ,  h o w e v e r ,  w h ic h  m e a n s  
t h a t  i t  is  d i f f ic u l t  t o  s ee  h o w  i t  c o u ld  b e  u sed  in  a  p r a c t ic a l  m e th o d  f o r  s i z in g  f la w s .
M o r e  r e c e n t ly ,  a  s u p e r io r  in v e r s io n  s c h e m e  f o r  e d d y - c u r r e n t  N D E  b a s e d  o n  an  o p t im is a ­
t io n  m e t h o d  w a s  in t r o d u c e d  b y  S . J . N o r t o n  a n d  J , R .  B o w le r [2 5 ,  2 6 , 2 7 , 2 8 , 2 9 , 9 2 ].  T h e  
fu l l  n o n - l in e a r  p r o b le m  is  t r e a t e d  a n d  a n  u n k n o w n  d is t r ib u t io n  o f  e l e c t r i c a l  c o n d u c t i v i t y  in  a  
c o n d u c t in g  h a l f - s p a c e  fo u n d  f r o m  e d d y - c u r r e n t  p r o b e  im p e d a n c e  m e a s u r e m e n ts  r e c o r d e d  as  a  
fu n c t io n  o f  p r o b e  p o s i t io n ,  f r e q u e n c y  o r  b o t h .  T h e  m e th o d  r e l ie s  o n  an  in i t i a l  e s t im a t e  o f  th e  
c o n d u c t i v i t y  p r o f i le  w h o s e  f o r w a r d  p r o b le m  is  th e n  s o lv e d  ( b y  m e a n s  o f  a n  in t e g r a l  e q u a t io n  
f o r m u la t i o n )  a n d  c o m p a r e d  w i t h  th e  e x p e r im e n t a l  d a ta .  A  g lo b a l  e r r o r  is  d e f in e d ,  k n o w le d g e  
o f  w h o s e  g r a d ie n t  e n a b le s  th e  f la w  e s t im a t e  t o  b e  u p d a t e d  i t e r a t i v e l y  u n t i l  d is a g r e e m e n t  b e ­
tw e e n  p r e d ic t e d  a n d  o b s e r v e d  p r o b e  s ig n a ls  is  m in im is e d .  W h e n  th e  d is a g r e e m e n t  b e t w e e n  
p r e d ic t e d  a n d  o b s e r v e d  s ig n a ls  re a c h e s  a  t o l e r a b le  l im i t ,  t h e  p r e d ic t e d  c o n d u c t i v i t y  d is t r ib u ­
t io n  s h o u ld  c lo s e ly  m a tc h  th e  p h y s ic a l  s i tu a t io n .  T h e  s c h e m e  h a s  b e e n  t e s t e d  o n  a  c o n d u c t in g  
h a .lf-s p a c e  c o a te d  w i t h  a  u n i fo r m  c o n d u c t in g  l a y e r  o f  d i f f e r e n t  c o n d u c t iv i t y [2 5 ,  9 2 ] a n d  g iv e n  
e x c e l le n t  p r e d ic t io n s  o f  th e  c o n d u c t i v i t y  p r o f i l e .  T h e  m e th o d  h a s  a ls o  b e e n  a p p l ie d  in  th e  
r e c o n s t r u c t io n  o f  th e  s h a p e s  o f  a n  in c lu s io n  o r  c ra c k  w h o s e  c o n d u c t i v i t y  is  k n o w n  o r  a s s u m e d  
t o  b e  z e r o ,  a g a in  w i t h  e x c e l le n t  r e s u lts [2 6 , 2 7 , 2 9 , 9 2 ].
T h e  in v e r s io n  s c h e m e  m o s t  r e c e n t ly  p r e s e n t e d  (b y  S. K .  B u r k e [3 2 ] )  is  s o m e t h in g  o f  a  
r e g r e s s io n  in  t e r m s  o f  f o r m u la t io n  b u t  y ie ld s  s a t is fa c t o r y  r e s u lts .  A  l o n g  c r a c k  o f  c o n s ta n t  
d e p th  a n d  o p e n in g  is  t r e a t e d  in  th e  l im i t  o f  s m a ll  s k in  d e p th  a n d  th e  d e p t h  a n d  o p e n in g  o f  
th e  c r a c k  a r e  p r e d ic t e d  t o  w i t h in  a b o u t  1 0 % . In v e r s io n  r e l ie s  o n  le a s t - s q u a r e s  p o ly n o m ia l  f i t s  
t o  a  n o r m a l is e d  c o i l  im p e d a n c e  fu n c t io n  o f  t h e  s k in  d e p th ,  6 , f r o m  w h ic h  th e  c ra c k  o p e n in g  
a n d  d e p th  a r e  d e d u c e d .  Im p e d a n c e  m e a s u r e m e n ts  a r e  m a d e  o v e r  a  r a n g e  o f  f r e q u e n c ie s .  T h e  
f o r m u la t io n  o f  th e  f o r w a r d  p r o b le m  is  n o t  s ig n i f i c a n t ly  d i f f e r e n t  f r o m  th a t  o f  M u e n n e m a n n  et. 
al. [8 2 ], m a k in g  u se  o f  t h e  B o r n  a p p r o x im a t io n  a n d  in c o r p o r a t in g  th e  K a h n  t e r m s  t o  a c c o u n t  
f o r  p e r t u r b a t io n  o f  th e  f ie ld s  n e a r  th e  b u r ie d  a n d  s u r fa c e  e d g e s  o f  th e  c r a c k .  T h e  a p p l ic a t io n  
o f  t h e  K a h n  te rm s  (w h ic h  w e r e  c a lc u la t e d  f o r  a  c lo s e d  c ra c k  in  a  u n i fo r m  in c id e n t  f i e ld ,  i . e .  a  
tw o - d im e n s io n a l  p r o b l e m )  t o  th is  th r e e - d im e n s io n a l  p r o b le m  w a s  e x a m in e d  a n d  th e  e r r o r  o f  
± 2 0 %  s u p p o s e d  r e a s o n a b le  b y  t h e  a u th o r .  T h e r e  a r e  t w o  s o u rc e s  o f  e r r o r  in  th is  a p p l ic a t io n :  
t h a t  e n c o u n te r e d  b y  A u ld  et. al. [16 ] in  a s s u m in g  t h a t  th e  K a h n  t e r m s  a r e  u n a f fe c t e d  b y  th e
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f in i t e  o p e n in g  o f  th e  c ra c k  a n d ,  in  a d d i t io n ,  t h e  a s s u m p t io n  t h a t  th e  K a h n  t e rm s  m a y  b e  
a p p l ie d  in  a  s i tu a t io n  in  w h ic h  th e  c u r r e n t  s o u rc e  is  t h r e e - d im e n s io n a l .  In  th e  a u t h o r ’ s f a v o u r ,  
h o w e v e r ,  is  th e  f a c t  t h a t  t h e  m e th o d  d o e s  n o t  r e ly  h e a v i ly  011 th e  a c c u r a c y  o f  th e  K a h n  t e r m s .  
B u r k e ’ s in v e r s io n  m e t h o d  is  le ss  r ig o r o u s  th a n  th o s e  o f  M c lv e r [7 6 ]  a n d  N o r t o n  a n d  B o w le r [9 2 ]  
w h ic h  h a v e  th e  a d d e d  a d v a n ta g e  o f  b e in g  a p p l ic a b le  t o  f in i t e  c r a c k s .  I t  c a n ,  h o w e v e r ,  p r e d ic t  
t h e  c ra c k  o p e n in g  t o  w i t h in  a  t o l e r a b le  e r r o r .
O f  th e  in v e r s io n  s c h e m e s  r e v ie w e d  h e r e ,  th o s e  o f  M c l v e r  a n d  N o r t o n  a n d  B o w le r  a r e  
p a r t i c u la r ly  im p r e s s iv e  in  th e  a c c u r a c y  w i t h  w h ic h  th e y  p r e d ic t  t h e  p r o f i le s  o f  f in i t e  c ra c k s . 
N o r t o n  a n d  B o w l e r ’ s m e t h o d  is  e s p e c ia l ly  g o o d  in  t h a t  i )  i t  is  v a l id  f o r  th e  c ir c u la r  f ie ld s  
p r o d u c e d  b y  e x p e r im e n t a l  e d d y - c u r r e n t  p r o b e s  a n d  i i )  n o  p r io r  a s s u m p t io n s  c o n c e r n in g  th e  
c r a c k  d im e n s io n s  a r e  m a d e ;  a l l  t h a t  is  r e q u ir e d  is  a n  in i t ia l  g u e s s  o f  th e  c r a c k  p r o f i le  ( e a s i l y  
s a t is f ie d  in  a l l  c a s e s  b y  a  s e m i- c i r c le ) .  W h a t  is  n o w  r e q u ir e d  is  t h e  in c o r p o r a t io n  o f  a  r ig o r o u s  
t r e a t m e n t  o f  th e  c ra c k  o p e n in g ,  w h ic h  is  b y  n o  m e a n s  s t r a ig h t fo r w a r d .
T h i s  is  th e  t h e o r e t i c a l  b a c k g r o u n d  a g a in s t  w h ic h  th e  w o r k  o f  th is  th e s is  is  s e t .  W h i l e  th e  
fu tu r e  o f  e d d y - c u r r e n t  N D E  c le a r ly  l ie s  in  th e  r e a lm  o f  n u m e r ic a l  in v e r s io n ,  t h e r e  is  s t i l l  m u c h  
t o  b e  e x p lo r e d  a n d  d e v e lo p e d  in  th e  s o lu t io n  o f  t h e  f o r w a r d  p r o b le m .  A  fu l le r  u n d e r s ta n d in g  
o f  t h e  f o r w a r d  p r o b le m  c a n  o n ly  m a k e  a  p o s i t i v e  c o n t r ib u t io n  t o  fu tu r e  in v e r s io n  w o r k .
T h e  m a in  th r u s t  o f  th is  th e s is  is  t h e  a n a ly t i c a l  t r e a tm e n t  o f  t h e  tw o - d im e n s io n a l  f o r w a r d  
p r o b le m  o f  a  lo n g ,  s u r fa c e - b r e a k in g  c ra c k  o f  u n i f o r m  d e p th  in  a  n o n - m a g n e t ic ,  c o n d u c t in g  
h a l f - s p a c e  e x c i t e d  b y  a  o n e - d im e n s io n a l  c u r r e n t  s h e e t  l y in g  a b o v e  th e  s u r fa c e  o f  th e  c o n d u c to r .  
T h e  tw o - d im e n s io n a l  s y s t e m ,  a l t h o u g h  n o t  a  r e a l i s t i c  m o d e l  o f  a n y  a c tu a l  f la w  c o n f ig u r a t io n ,  
m a y  b e  a p p r o a c h e d  e x p e r im e n t a l l y  b y  a  lo n g  s lo t  in  a  f ie ld  su ch  as t h a t  u s e d  in  th e  A C P D  
m e th o d  o r  t h a t  p r o d u c e d  b y  a  p a r a l l e l  p r o b e ,  d i r e c t l y  b e lo w  w h ic h  th e  c u r r e n t  f lo w  is  a p ­
p r o x im a t e ly  u n i fo r m .  M o r e  im p o r t a n t  th a n  i t s  p r a c t i c a l  s ig n i f ic a n c e ,  h o w e v e r ,  is  th e  in s ig h t  
in t o  th e  n a tu r e  o f  th e  p r o b e - f la w  in t e r a c t io n  p r o b le m  w h ic h  s tu d y  o f  th e  tw o - d im e n s io n a l  
s y s t e m  b r in g s .  F o r  th is  r e a s o n ,  t h e  t r e a tm e n t  o f  th is  p r o b le m  b y  K a h n  et. «/ .[6 1 ] h a s  h a d  
fa r - r e a c h in g  in f lu e n c e .  K a h n  e t. a l. t r e a t e d  t h e  tw o - d im e n s io n a l ,  s u r fa c e -b r e a k in g  c ra c k  in  
th e  h ig h - fr e q u e n c y  l im i t  in  w h ic h  th e  f i e ld  p e r t u r b a t io n s  a t  th e  e d g e  a n d  c o r n e r s  o f  t h e  c ra c k  
a r e  e s s e n t ia l ly  d e c o u p le d .  T h e  p r o b le m  w a s  s o lv e d  b y  c o n s t r u c t in g  a  s o lu t io n  f r o m  s e p a r a te  
e d g e  a n d  c o r n e r  s o lu t io n s  a n d  th e  s o - c a l le d  ‘ K a h n  t e r m s ’ w e r e  c a lc u la t e d  n u m e r ic a l ly .  H e r e ,  
i t  w i l l  b e  s h o w n  t h a t  b y  t a k in g  a  g e n e r a l  f o r m u la t io n  in  w h ic h  m u l t ip l e  s c a t t e r in g  o f  th e  
f ie ld s  is  a l lo w e d  a n d  t r e a t in g  th e  m u lt ip le  s c a t t e r in g  b y  in t r o d u c in g  a n  im a g e  o f  th e  c ra c k ,
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t h e  d e c o u p le d  c o r n e r  a n d  e d g e  s o lu t io n s  u sed  b y  K a h n  et. al. a r is e  n a t u r a l ly  in  th e  h ig h -  
f r e q u e n c y  l im i t  o f  th e  m o r e  g e n e r a l  s o lu t io n .  T h e  s t r ip  p r o b le m  o b t a in e d  w h e n  th e  c ra c k e d  
c o n d u c t in g  h a l f - s p a c e  is  r e f l e c t e d  in  th e  a . ir - c o n d u c to r  in t e r fa c e  p la n e  is  t r e a t e d  in  C h a p t e r  2 
b y  m e a n s  o f  th e  W i e n e r - H o p f  t e c h n iq u e .  T h is  m e th o d  w a s  d e v e lo p e d  in  o r d e r  t o  s o lv e  a  
p a r t ic u la r  c la s s  o f  in t e g r a l  e q u a t i o n [ l l l ]  a n d  w a s  l a t e r  a p p l ie d  d i r e c t l y  t o  p a r t ia l  d i f f e r e n t ia l  
e q u a t io n s [5 6 ] ,  t h e  a p p l i c a t io n  w h ic h  is  a d o p t e d  h e r e .  T h e  W ie n e r - H o p f  m e th o d  w a s  fo u n d  
t o  b e  a p p r o p r ia t e  f o r  th is  s t r ip  p r o b le m ,  b e in g  a b le  t o  c o p e  w i t h  th e  m a g n e t ic  f ie ld  o d d  in  
2r w h ic h  a r is e s  o n  r e f le c t io n  o f  t h e  p r o b le m  in  th e  in t e r fa c e  p la n e  a t  z  =  0 . T h e  p o s s ib i l i t y  
o f  m a k in g  u se  o f  o t h e r  s o lu t io n s  f o r  s t r ip s  a n d  s lo t s  w a s  in v e s t ig a t e d — s o lu t io n s  in  t e r m s  o f  
M a t h ie u  fu n c t io n s [7 9 ]  a n d  C h e b y s h e v  p o ly n o m ia ls [3 4 , 3 5 ] e x is t — b u t  i t  w a s  c o n c lu d e d  th a t  
th e s e  s o lu t io n s  w e r e  u n s u it a b le  f o r  th is  im a g e d  p r o b le m  in  w h ic h  th e  m a g n e t i c  f ie ld  is  o d d  in  
z .  T h e  W i e n e r - H o p f  s o lu t io n  ta k e s  th e  f o r m  o f  a  F r e d h o lm  in t e g r a l  e q u a t io n  o f  th e  s e c o n d  
k in d  f o r  th e  s c a t t e r e d  m a g n e t i c  f i e ld  w h ic h  is  s o lv e d  a p p r o x im a t e ly  f o r  h ig h  fr e q u e n c ie s  b y  
a n  i t e r a t i v e  m e t h o d ,  g i v in g  th e  f i r s t  f e w  t e r m s  in  th e  a s y m p t o t ic  s e r ie s  e x p a n s io n  f o r  th e  
s c a t t e r e d  m a g n e t ic  f ie ld .  T h e  f i r s t  t e r m  in  th e  s e r ie s  c o r r e s p o n d s  t o  t h e  s o lu t io n  in  t h e  l im i t  
in  w h ic h  th e  p e r t u r b e d  e d g e  a n d  c o r n e r  f ie ld s  a r e  d e c o u p le d ,  t h a t  u sed  b y  K a h n  et. a l.. T h e  
h ig h e r  o r d e r  t e r m s  a c c o u n t  f o r  m u l t ip l e  s c a t t e r in g  w h ic h  o c c u r s  w h e n  th e  f r e q u e n c y  is  lo w e r  
a n d  th e  e d g e  a n d  c o r n e r  f ie ld s  a r e  n o t  c o m p le t e ly  d e c o u p le d .  D u e  t o  t h e i r  c o m p l ic a t e d  n a tu re ,  
n o  in - d e p th  t r e a t m e n t  o f  th e  h ig h e r  o r d e r  t e r m s  is  g iv e n  h e r e .  T h is  r ig o r o u s  d e v e lo p m e n t  o f  
t h e  h ig h - fr e q u e n c y  s o lu t io n  f o r  t h e  tw o - d im e n s io n a l  s u r fa c e -b r e a k in g  c ra c k  is  c o m p le t e d  b y  
f in d in g  e x a c t  c lo s e d  fo r m s  f o r  t h e  K a h n  t e r m s  w h ic h  w e r e  f o r m e r ly  c a lc u la t e d  n u m e r ic a l ly [4 7 ].
A  h ig h ly  u s e fu l,  b u t  le s s  r ig o r o u s ,  m e th o d  b y  w h ic h  th e  c o u p l in g  o f  t h e  e d g e  a n d  c o r n e r  
f ie ld s  c a n  b e  t r e a t e d  is  d e v e lo p e d  in  C h a p t e r  3 . T h e  m e th o d  is  b a s e d  o n  th e  G e o m e t r ic a l  
T h e o r y  o f  D i f f r a c t i o n [6 8 ], a n  e x t e n s io n  o f  o p t i c a l  ra.y t h e o r y  w h ic h  a c c o u n ts  f o r  d i f f r a c t io n  
e f f e c t s  b y  in t r o d u c in g  d i f f r a c t e d  ra .ys. In  a. fa s h io n  a n a lo g o u s  t o  th a t  b y  w h ic h  th e  r e f le c t e d  
a n d  t r a n s m it t e d  ra y s  a r e  t r e a t e d  in  o p t i c a l  w a v e  th e o r y ,  th e  d i f f r a c t e d  r a y s  a r e  r e la t e d  t o  
t h e  in c id e n t  r a y  a t  th e  p o in t  o f  d i f f r a c t io n  b y  m e a n s  o f  a  d i f f r a c t io n  c o e f f ic ie n t  w h o s e  f o r m  
d e p e n d s  o n  th e  n a t u r e  o f  t h e  d i f f r a c t in g  b o d y .  T h i s  fa r - f ie ld  t h e o r y  is  g e n e r a l is e d  in  C h a p t e r  3 
in  o r d e r  t h a t  i t  m a y  b e  u s e d  t o  p r e d ic t  th e  s c a t t e r e d  f ie ld s  n e a r  t o  th e  s c a t t e r in g  b o d y ,  s in c e  
th is  is  th e  r e g io n  o f  in t e r e s t  in  e d d y - c u r r e n t  th e o r y .  T h e  r e s u lt in g  ‘ g e o m e t r i c a l  t h e o r y  o f  
e d d y - c u r r e n t  s c a t t e r in g ’ is  th e n  s u c c e s s fu lly  a p p l ie d  t o  th e  tw o - d im e n s io n a l ,  s u r fa c e -b r e a k in g  
c r a c k  p r o b le m ,  a l l o w in g  a l l  m u l t ip l e  s c a t t e r in g  b e t w e e n  th e  c ra c k  e d g e  a n d  i t s  im a g e  t o  b e
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a c c o u n te d  fo r .  T h e  p r o b le m  w a s  fo r m u la t e d  so  t h a t  th e  b o u n d a r y  c o n d it io n s  o n  th e  c o n d u c t o r  
s u r fa c e  a n d  o n  th e  c r a c k  w e r e  m a tc h e d  p e r fe c t ly .  T h e  e f f e c t  o f  t a k in g  th e  m u l t ip l e  s c a t t e r in g  
in t o  a c c o u n t  is  t o  g i v e  a  g o o d  a p p r o x im a t e  m a tc h  t o  th e  b o u n d a r y  c o n d i t io n  t h a t ,  in  th e  
c ra c k  p la n e  a w a y  f r o m  th e  c ra c k  i t s e l f ,  th e  n o r m a l  d e r iv a t iv e  o f  t h e  m a g n e t ic  f ie ld  is  z e r o .  
T h e  d is c r e p a n c y  b e t w e e n  th e  th e o r e t ic a l ly  p r e d ic t e d  f ie ld  v a lu e s  a n d  th e  b o u n d a r y  c o n d i t io n  
p r o v id e s  a  g o o d  m e a s u r e  o f  th e  a c c u ra c y  o f  t h e  s o lu t io n ,  w h ic h  is  s h o w n  t o  b e  v e r y  g o o d  f o r  
c ra c k s  o f  d e p th  as  l i t t l e  as  o n e  s k in  d e p th  ( in  th e  d e c o u p le d  l im i t  th e  c ra c k  m u s t  b e  a t  le a s t  
fo u r  s k in  d e p th s  d e e p ) .  T h e  g e o m e t r ic a l  t h e o r y  o f  e d d y - c u r r e n t  s c a t t e r in g  is  r e l a t i v e l y  s im p le  
t o  a p p ly  a n d , as  d e m o n s t r a t e d  in  th is  a p p l ic a t io n ,  d is p la y s  r e m a r k a b le  a c c u r a c y  c o n s id e r in g  
i t s  n o n - r ig o r o u s  f o u n d a t io n .
F in a l l y ,  th e  l o w - f r e q u e n c y  l im i t  o f  th e  p r o b le m  is  in v e s t ig a t e d  in  C h a p t e r  4  b y  m e a n s  o f  a  
p e r t u r b a t io n  t h e o r y  w h ic h  is  u s e d  t o  f in d  th e  f i r s t  f e w  t e r m s  in  th e  a s y m p t o t i c  s e r ie s  s o lu t io n  
f o r  t h e  e q u iv a le n t  c u r r e n t  d ip o le  d e n s ity  d is t r ib u t io n  o n  th e  c ra c k  a n d  h e n c e  th e  im p e d a n c e  
c h a n g e .  T h e  s o lu t io n  is  v a l id  f o r  c ra c k s  o f  d e p th  u p  t o  a p p r o x im a t e ly  0 .4 6  a n d  th is  s o lu t io n ,  
ta k e n  t o g e t h e r  w i t h  t h a t  o f  t h e  p r e c e d in g  c h a p t e r ,  c o v e r s  a lm o s t  a l l  o f  t h e  f r e q u e n c y  s p e c t r u m  
f o r  th is  p r o b le m .
I t  w a s  fo u n d  t h a t ,  in  t h e  ca ses  o f  th e  W ie n e r - H o p f  a n d  g e o m e t r i c a l  t h e o r y  m e th o d s ,  
s o lu t io n  o f  th e  s l i g h t l y  m o r e  s im p le  c o m p le m e n t a r y  p r o b le m  o f  th e  d e e p ,  s u b s u r fa c e ,  tw o -  
d im e n s io n a l  c r a c k  p r o v id e d  a  u s e fu l s t e p p in g - s t o n e  in  th e  d e v e lo p m e n t  o f  t h e  s o lu t io n  f o r  t h e  
s u r fa c e - b r e a k in g  c r a c k .  T h e  W ie n e r - H o p f  a p p r o a c h  y ie ld s  a  s o lu t io n  t o  th e  f o r w a r d  p r o b le m  
f o r  t h e  s u b s u r fa c e  c ra c k  w h ic h  is  v a l id  f o r  c ra c k s  w h o s e  e d g e  l ie s  a t  le a s t  o n e  s k in  d e p th  
b e lo w  t h e  c o n d u c t o r  s u r fa c e .  A c c o u n t in g  f o r  m u l t ip le  s c a t t e r in g  u s in g  th e  g e o m e t r i c a l  t h e o r y  
o f  e d d y - c u r r e n t  s c a t t e r in g  g iv e s  a  r e s u lt  v a l id  f o r  a  c ra c k  w h o s e  e d g e  l ie s  o n ly  0 .4 6  b e lo w  th e  
c o n d u c t o r  s u r fa c e .  T h e s e  o r ig in a l  r e s u lts  a r e  a ls o  p r e s e n t e d  in  C h a p te r s  2 a n d  3 .
I t  h a s  b e e n  m e n t io n e d  p r e v io u s ly  t h a t  a  r ig o r o u s  t r e a tm e n t  o f  th e  o p e n in g  o f  a  c r a c k  o f  
f in i t e  w id t h  w o u ld  b e  fo u n d  v e r y  u s e fu l b y  th e  e d d y - c u r r e n t  c o m m u n ity .  A  c o n c is e  d is c u s s io n  
c o n c e r n in g  th e  p r e l im in a r y  f in d in g s  a n d  p o t e n t ia l  in  u s in g  a. W i e n e r - H o p f  s o lu t io n  f o r  t h e  
o p e n  c ra c k  p r o b le m  is  a ls o  fo u n d  in  C h a p t e r  2.
T h e  r e m a in d e r  o f  th is  in t r o d u c t o r y  c h a p te r  is  c o n c e r n e d  w i t h  fu n d a m e n t a l  r e s u lts  w h ic h  
a r e  u sed  e x t e n s iv e ly  in  th e  o r ig in a l  w o r k  w h ic h  fo l lo w s .  C h a p t e r  5 c o n s is ts  o f  a  b r i e f  c o n c lu s io n  
a n d  d is c u s s io n  o f  t h e  p o t e n t i a l  f o r  fu tu r e  w o r k  a r is in g  f r o m  t h a t  o f  th is  th e s is .
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1 .2  F u n d a m e n t a l  E q u a t io n s
In  e d d y - c u r r e n t  n o n - d e s t r u c t iv e  e v a lu a t io n ,  a  f ie ld  in  th e  c o n d u c to r  is  u s u a l ly  e x c i t e d  b y  a  c o i l  
c a r r y in g  e i t h e r  a  t im e - h a r m o n ic  o r  a. t r a n s ie n t  c u r r e n t .  T h e  p r o b le m s  c o n s id e r e d  h e r e  a s s u m e  
e x c i t a t i o n  b y  a  t im e - h a r m o n ic  c u r r e n t  f o r  w h ic h  th e  f ie ld s  v a r y  as  th e  r e a l  p a r t  o f  e ~ lujt. In  
a  t y p ic a l  e d d y - c u r r e n t  e n v ir o n m e n t  th e  f la w ,  p r o b e  a n d  o th e r  d im e n s io n s  a r e  o f  th e  o r d e r  o f  
a  f e w  m i l l im e t r e s  w h e re a s  th e  w a v e le n g t h  o f  t h e  e x c i t in g  e l e c t r o m a g n e t i c  w a v e  is  v e r y  m u c h  
la r g e r .  F o r  e x a m p le ,  a t  1 M H z  f r e q u e n c y  th e  w a v e le n g th  in  a i r  is  3 0 0 m . T h i s  m e a n s  t h a t  a n y  
s p a t ia l  v a r ia t io n  in  th e  e l e c t r o m a g n e t ic  f ie ld s  o n  th e  s c a le  o f  a n  e d d y - c u r r e n t  p r o b le m  w i l l  n o t  
b e  d u e  t o  v a r ia t io n s  o f  t h e  w a v e .  C o n s e q u e n t ly ,  th e  d is p la c e m e n t  c u r r e n t  c a n  b e  n e g le c t e d  
a n d  th e  q u a s i- s t a t ic  a p p r o x im a t io n  ( in  w h ic h  th e  w a v e - l ik e  s o lu t io n s  o f  M a x w e l l ’ s e q u a t io n s  
a r e  r e m o v e d )  is  v a l id .
F o r  t im e - h a r m o n ic ,  q u a s i - s t a t ic  c o n d it io n s  M a x w e l l ’ s e q u a t io n s  a r e
V  X  E  =  ( 1 .1 )
V  x  H  =  J  ( 1 .2 )
w h e r e  E  is  th e  e le c t r ic  f ie ld  s t r e n g th ,  B  is  th e  m a g n e t ic  f lu x  d e n s ity ,  H  is  t h e  m a g n e t ic  f ie ld
s t r e n g t h  a n d  J  is  th e  c u r r e n t  d e n s ity .
1.2.1 Flawless Conductor
E q u a t io n s  ( 1 . 1 )  a n d  (1 .2 )  g i v e  r is e  t o  tw o  p a ir s  o f  c o n d it io n s  w h ic h  d i c t a t e  th e  b e h a v io u r  o f  
t h e  f ie ld  a t  a n  in t e r fa c e  b e t w e e n  t w o  d is s im i la r  m e d ia  ( f o r  e x a m p le ,  t h e  b o u n d a r y  b e tw e e n  
a i r  a n d  a  c o n d u c t o r ) .  I n t e g r a t in g  ( 1 .1 )  a n d  (1 .2 )  o v e r  a  r e c t a n g u la r  a r e a ,  5 ,  w h o s e  lo n g e r  
s id e s  a r e  p a r a l l e l  t o  a n d  o n  e i t h e r  s id e  o f  th e  in t e r fa c e  a n d  a p p ly in g  S t o k e s ’ s t h e o r e m  g iv e s
I  E . d l  =  w  [  B . d S  ( 1 .3 )
J c  J s
=  J s 3 .d  S ,  ( 1 .4 )
w h e r e  th e  l e f t  h a n d  s id es  in v o lv e  in t e g r a t io n  a r o u n d  th e  b o u n d in g  c u r v e ,  C ,  o f  S .  T h e  r ig h t  
h a n d  s id e s  r e p r e s e n t  th e  m a g n e t ic  o r  c u r r e n t  f lu x  p a s s in g  th r o u g h  S .  I f  th e  le n g th  o f  th e  
s h o r t e r  s id e s  o f  th e  r e c t a n g le  t e n d  t o  z e r o  s o  t h a t  th e  lo n g e r  s id e s  t o u c h  ( b u t  d o  n o t  c r o s s )  th e  
in t e r fa c e  th e n  th e  l in e  in t e g r a ls  a lo n g  th e  s h o r t e r  s id e s  o f  t h e  r e c t a n g le  a n d  th e  f lu x  p a s s in g  
t h r o u g h  S  v a n is h .  A s  a  c o n s e q u e n c e ,  th e  t a n g e n t ia l  c o m p o n e n t s  o f  th e  e l e c t r i c  a n d  m a g n e t ic
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f ie ld s  a r e  c o n t in u o u s  a c ro s s  t h e  b o u n d a r y .  T h e s e  p r o p e r t ie s  w i l l  b e  d e n o t e d  b y
[E t ]  =  0  ( 1 .5 )
[ H ( ]  =  0 . ( 1 .6 )
T a k in g  th e  d iv e r g e n c e  o f  ( 1 . 1 )  a n d  (1 .2 )  d e m o n s t r a t e s  t h a t  B  a n d  J  h a v e  z e r o  d iv e r g e n c e .  
A t  a n  in t e r fa c e ,  th e  n o r m a l  c o m p o n e n t s  o f  th e s e  d iv e r g e n c e le s s  f ie ld s  a r e  c o n t in u o u s ,  i . e . ,
[B n ]  =  0  (1 .7 )
[J»] = 0. (1.8)
E q u a t io n s  ( 1 . 5 ) —(1 - 8 )  d i c t a t e  th e  b e h a v io u r  o f  t h e  fo u r  f ie ld s  a t  a n  in te r fa .e e  b e t w e e n  tw o
d is s im i la r  m e d ia .  I t  is  fu r t h e r  a s s u m e d  t h a t  t h e  c o n d u c t o r  is  n o n - m a g n e t ic ,  g i v i n g
B  =  jrt0H ,  (1 .9 )
a n d  in  a  c o n d u c to r
J  =  <t E ,  (1 .1 0 )
w h e r e  p o  is  t h e  p e r m e a b i l i t y  o f  f r e e  s p a c e  a n d  cr is  t h e  c o n d u c t i v i t y  o f  th e  c o n d u c to r .
F r o m  e q u a t io n  ( 1 .8 )  i t  is  c le a r  t h a t  th e  n o r m a l  c o m p o n e n t  o f  t h e  c u r r e n t  in  a  c o n d u c to r
a t  th e  in t e r fa c e  w i t h  th e  a ir  is  z e r o .  T h e n  f r o m  (1 .1 0 ) ,
h .  E  =  0 (1 .1 1 )
a t  p o in t s  o n  th e  in t e r fa c e ,  w h e r e  h  is  th e  u n it  v e c t o r  n o r m a l  t o  th e  c o n d u c to r  s u r fa c e .  C o m ­
b in in g  ( 1 .1 )  w i t h  (1 .9 )  a n d  ( 1 .2 )  w i t h  (1 .1 0 )  g iv e s  t h e  f o l l o w in g  u s e fu l r e la t io n s h ip s  b e tw e e n  
th e  m a g n e t ic  a n d  e le c t r ic  f ie ld s  in  a  c o n d u c to r :
V  x  E  =  i u j p o H  ( 1 A 2 )
V  x  H  =  c rE . (1 .1 3 )
T h e  a b o v e  r e s u lts  w i l l  n o w  b e  a p p l ie d  t o  t h e  s i t u a t io n  s h o w n  in  F i g u r e  1 .1 , in  w h ic h  a  o n e -
d im e n s io n a l  c u r r e n t  s h e e t  l o c a t e d  a b o v e  a n d  p a r a l l e l  t o  th e  s u r fa c e  o f  a  h a l f - s p a c e  c o n d u c to r
c a r r ie s  a l t e r n a t in g  c u r r e n t ,  I ,  w h ic h  v a r ie s  as  t h e  r e a l  p a r t  o f  e ~ tu t . T h e  c u r r e n t  d e n s i t y  o f  
th e  c u r r e n t  s h e e t  w i l l  b e  r e p r e s e n t e d  b y
J =  IS(z -  z0)x, (1.14)
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F ig u r e  1 .1 : A  h a l f - s p a c e  c o n d u c t o r  in  th e  p r e s e n c e  o f  a  c u r r e n t  s h e e t .
w h e r e  6 is  h e r e  th e  d e l t a - fu n c t io n .  S in c e  th e  f ie ld s  v a r y  o n ly  in  th e  z - d im e n s io n ,  (1 .1 2 )  g iv e s
d E
d z
— = iuj/JoHy >  0.
E q u a t io n  (1 .1 4 )  c o m b in e d  w i t h  ( 1 .2 )  ( a i r )  a n d  e q u a t io n  (1 .1 3 )  ( c o n d u c t o r )  g i v e
z  >  0
d z
d H
d z
y _
=  <?EX z  <  0 .
(1 .1 5 )
(1 .1 6 )  
(1 .1 7 )
T h e  im p l ic a t io n  o f  (1 .1 6 )  is t h a t  th e  m a g n e t ic  f ie ld  is c o n s ta n t  in  a ir  a p a r t  f r o m  a ju m p  in  i t s  
v a lu e  o f  m a g n i tu d e  I  a t  z  =  zo- In  th e  c o n d u c t in g  r e g io n  (1 .1 5 )  a n d  (1 .1 7 )  c o m b in e  t o  g i v e
d 2H ,
d z 2
x- +  k 2H u =  0 (1 .1 8 )
w h e r e  k 2 =  iu p Q cr . T h e  s o lu t io n  o f  ( 1 .1 8 )  w h ic h  is  c o n t in u o u s  a t  s  =  0 , h as  th e  r e q u ir e d  
ju m p  a t  z  =  zq  a n d  v a n is h e s  as  |z| —* o c  is
Hy =
0 Z >  20
H 0 0 <  z  <  zo
H0e~ikz z<0,
(1.19)
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w h e r e  Hq =  /■ T h e  e le c t r ic  f i e ld  is  fo u n d  b y  a p p ly in g  ( 1 .5 )  a n d  (1 .1 5 ) :
E o  +  A  E  z  >  z 0
E x  =  < E q  +  [ z J zq ] A E  0 <  z  <  zo
E 0e ~ lkz z  ^  0 ,
(1 .20)
w h e r e  E q  =  i k H o / o  a n d  A E  — i u p q H q Zq . T h e  w a y  in  w h ic h  th e  e le c t r ic  a n d  m a g n e t i c  f ie ld s
d e c a y  in  th e  c o n d u c t o r  is  s h o w n  in  F i g u r e  1 .2 . T h e  e le c t r o m a g n e t i c  s k in  d e p th  is  d e n o t e d  b y
6 a n d  is  th e  d e p th  a t  w h ic h  th e  f ie ld s  a re  r e d u c e d  to  1/e  o f  t h e ir  s u r fa c e  v a lu e :  6 —
{2 /o jf tQ O  ) 1/2[1 0 6 ].
I m p e d a n c e  C a l c u l a t i o n
T h e  im p e d a n c e  p e r  u n it  a r e a  o f  t h e  h a l f - s p a c e  c o n d u c to r ,  Z o ,  c a n  b e  fo u n d  f r o m  t h e  f o l l o w in g  
r e la t io n s h ip ,  w h ic h  is  P o y n t i n g ’ s th e o r e m :
T h e  s u r fa c e  o f  in t e g r a t io n ,  S , is  s h o w n  b y  th e  d a s h e d  l in e  in  F ig u r e  1 .1 . T h e  in t e g r a l  o f  
t h e  P o y n t in g  v e c t o r  (E x  H ) o v e r  a  s u r fa c e  g iv e s  th e  r a t e  o f  e n e r g y  f lo w  a c ro s s  t h a t  s u r fa c e .  
S in c e ,  in  th is  c a s e , e n e r g y  is  im p a r t e d  t o  th e  c o n d u c to r ,  n  is  — z  a n d  th e  in v a r ia n c e  o f  th e
(1.21)
s y s t e m  in  th e  y - d im e n s io n  m e a n s  th a t  t h e  s u r fa c e  in t e g r a l  is ,  e f f e c t iv e ly ,  a  l in e  in t e g r a l  a lo n g  
t h e  2- a x is .  I n t e g r a t in g  f r o m  l e f t  t o  r ig h t ,  w h e r e  I  is  u n it  l e n g th ,  g iv e s
In s e r t in g  th e  v a lu e s  o f  H y a n d  E x  f r o m  (1 .1 9 )  a n d  (1 .2 0 )  g iv e s
(1.22)
( 1 .2 3 )
T h i s  e x p r e s s io n  f o r  Z q w i l l  o f t e n  b e  u s e d  t o  n o r m a lis e  r e s u lts .  F o r  th is  r e a s o n  i t  is  u s e fu l t o  
n o t e  t h a t  t h e  r e a l  a n d  im a g in a r y  p a r t s  o f  Z q a r e  g iv e n  b y
(1 .2 4 )
(1 .2 5 )
1.2.2 Cracked C onductor
T h e  e f f e c t  o f  in t r o d u c in g  a  c ra c k  in t o  th e  c o n d u c t in g  h a l f - s p a c e  o f  th e  p r e v io u s  s e c t io n  w i l l  
n o w  b e  in v e s t ig a t e d .  T h e  c ra c k  w i l l  b e  lo c a t e d  a t  x  —  0  a n d  b e  o f  in f in i t e  e x t e n t  in  th e
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F ig u r e  1 .2 : A b s o lu t e  v a lu e  o f  th e  e le c t r ic  o r  m a g n e t ic  f ie ld  in  a  h a l f - s p a c e  c o n d u c t o r  e x c i t e d  
b y  a  o n e - d im e n s io n a l  c u r r e n t  s h e e t  l y in g  a b o v e  th e  c o n d u c to r  s u r fa c e .
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^ -d im e n s io n  s o  t h a t  t h e  s y s t e m  r e m a in s  in v a r ia n t  in  y .  T h is  is ,  th e r e fo r e ,  a  tw o - d im e n s io n a l  
p r o b le m .  T h e  c r a c k  is  a s s u m e d  id e a l  in  t h a t  i t  is  o f  in f in i t e s im a l  w id t h  a n d  y e t  fo r m s  a  p e r f e c t  
b a r r ie r  t o  th e  f l o w  o f  c u r r e n t .  T h e  e d d y - c u r r e n ts  in d u c e d  in  t h e  c o n d u c to r  a r e ,  th e r e fo r e ,  
p e r t u r b e d  b y  th e  p r e s e n c e  o f  th e  c ra c k . F a r  f r o m  th e  c r a c k ,  as  |z| o o , t h e  e l e c t r i c  a n d  
m a g n e t ic  f ie ld s  a s s u m e  th e ir  u n p e r tu r b e d  v a lu e s .  I t  is  e v id e n t  f r o m  s y m m e t r y  t h a t  th e  
p e r t u r b a t io n  d u e  t o  t h e  in f in i t e  c ra c k  d e s c r ib e d  w i l l  p r o d u c e  a n  e l e c t r i c  f i e ld  w h ic h  h a s  n o  
^ / -com p on en t. A  d i r e c t  c o n s e q u e n c e  o f  th is  is  t h a t  t h e  m a g n e t ic  f i e ld  h a s  o n ly  a  ^ - c o m p o n e n t .  
I t  ca n  b e  s h o w n  t h a t  th is  is  th e  c a s e  b y  n o t in g  t h a t  th e  e l e c t r ic  f i e ld  h a s  z e r o  d iv e r g e n c e  a n d  
o n ly  x -  a n d  ^ - c o m p o n e n t s  a n d  m a y , t h e r e fo r e ,  b e  w r i t t e n  in  th e  f o r m  E  =  V x  ( y i p )  w h e r e  <p 
is a  s c a la r  f ie ld .  S u b s t i tu t in g  th is  f o r m  in t o  (1 .1 2 ) ,  u s in g  th e  id e n t i t y
V  x  V  x  y  =  V —  -  f/ V 2 
d y
a n d  n o t in g  t h a t  <p is  in d e p e n d e n t  o f  y  s h o w s  t h a t  t h e  m a g n e t ic  f i e ld  is  g iv e n  b y
H  =  t^ L s/ V 2^  (1 .2 6 )
ILOp o
a n d , t h e r e fo r e ,  h a s  o n ly  a  ?/ -co m p o n en t.
M a g n e t i c  F i e l d
I t  is  n o w  a s s e r t e d  t h a t  th e  m a g n e t ic  f i e ld  e x t e r n a l  t o  th e  c o n d u c t o r  is  u n a f fe c t e d  b y  th e  
p re s e n c e  o f  t h e  c ra c k  s o  th a t  th e  v a lu e  o f  th e  m a g n e t i c  f i e ld  r e m a in s  c o n s ta n t  ( H o )  in  t h e
r e g io n  b e t w e e n  t h e  c u r r e n t  s h e e t  a n d  th e  c o n d u c to r .  T h e  p r e s e n c e  o f  th e  c u r r e n t  s h e e t  w h ic h
in d u ce s  th e  e d d y - c u r r e n t s  is  im p l i c i t  in  a l l  t h a t  f o l l o w s  b u t  w i l l  n o  lo n g e r  b e  m e n t io n e d  
e x p l ic i t ly .  H a v in g  e s ta b l is h e d  th e  b o u n d a r y  c o n d it io n s  f o r  t h e  e l e c t r ic  a n d  m a g n e t i c  f ie ld s  
o n  th e  a ir - c o n d u c t o r  in t e r fa c e  in  th e  p r e v io u s  s e c t io n ,  th e  b o u n d a r y  c o n d it io n s  o n  th e  c r a c k  
m u s t n o w  h e  e s t a b l is h e d .  B o th  a  s u b s u r fa c e  a n d  a  s u r fa c e - b r e a k in g  c r a c k  w i l l  b e  c o n s id e r e d .  
T h e  b o u n d a r y  c o n d it io n  (1 .1 1 )  c a n  b e  w r i t t e n
h.Vx (yHy) =  0 . (1 .2 7 )
T h is  c o n d i t io n  a p p l ie s  b o t h  a t  th e  a ir - c o n d u c t o r  in t e r fa c e  a n d  a t  t h e  fa c e s  o f  t h e  c ra c k  s in c e  
th e  c r a c k  f o r m s  a  p e r f e c t  b a r r ie r  t o  t h e  f lo w  o f  c u r r e n t .  A t  t h e  a i r - c o n d u c t o r  b o u n d a r y ,  (1 .2 7 )  
im p l ie s  t h a t
- ~ y-  =  0  (1 .2 8 )
dx z=0
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and at the faces of the crack,
^  = 0. (1.29)
d z
D e n o t e  th e  t o t a l  m a g n e t ic  f i e ld  b y
£=0
H y  =  H (t ) +  i J (s ) (1 .3 0 )
w h e r e  is  t h e  u n p e r tu r b e d  ( o r  ‘ in c id e n t ’ )  f i e ld  a n d  is  th e  p e r t u r b e d  ( o r  ‘ s c a t t e r e d ’ )  
p a r t  o f  th e  f ie ld .  In  th e  c o n d u c to r ,  s a t is f ie s
( V 2 +  k 2) H {s ) =  0 , (1 .3 1 )
w h e r e  V 2 is  th e  tw o - d im e n s io n a l  L a p la c ia n  g i v e n  b y
2 =  jP _  jP _
~  d x 2 d z 2 '
T h e  b o u n d a r y  c o n d i t io n  g iv e n  b y  (1 .2 9 )  im p l ie s  t h a t ,  o n  th e  c r a c k ,
=  0 (1 .3 2 )
x=0d z
w h ic h  m e a n s  th a t
[ h ^  +  H ^ s ) +  c o n s t a n t ] =  0 ( 1 .3 3 )
o n  th e  c ra c k . In  t h e  c a s e  o f  a  s u b s u r fa c e  c r a c k  (w h ic h  is  a s s u m e d  t o  e x t e n d  f o r  th e  fu l l  d e p th  
o f  t h e  c o n d u c to r )  H y —  0 o n  th e  c ra c k  w h ic h  m e a n s  t h a t  t h e  c o n s ta n t  in  (1 .3 3 )  is  z e r o .  W i t h  
t h e  u n p e r tu r b e d  f ie ld  g i v e n  b y  (1 .1 9 ) ,  th e  b o u n d a r y  c o n d it io n  o n  th e  c r a c k  is
H {s ) =  - H 0e ~ ik z . (1 .3 4 )
F o r  a. s u r fa c e -b r e a k in g  c r a c k ,  h o w e v e r ,  =  f f 0 a n d  =  0 a t  t h e  a ir - c o n d u c t o r  in t e r fa c e  
s o  t h a t  th e  c o n s ta n t  o f  (1 .3 3 )  is ,  in  th is  c a s e , — H o -  T h e  b o u n d a r y  c o n d i t i o n  f o r  th e  s c a t t e r e d  
f i e ld  o n  a  s u r fa c e -b r e a k in g  c ra c k  is ,  t h e r e fo r e ,
=  H 0 ( l  -  e ~ ik z ) .  (1 .3 5 )
T o g e t h e r  w i t h  th e  c o n d i t io n  t h a t  t h e  s c a t t e r e d  m a g n e t ic  f ie ld  is  z e r o  o n  th e  a ir - c o n d u c t o r  
in t e r fa c e ,  (1 .3 4 )  a n d  (1 .3 5 )  c o m p r is e  th e  b o u n d a r y  c o n d it io n s  f o r  t h e  s u b s u r fa c e  a n d  s u r fa c e -  
b r e a k in g  c ra c k s  r e s p e c t iv e ly .
T h e  p r o b le m s  w h ic h  f o l l o w  w i l l  b e  s o lv e d  in  t e r m s  o f  th e  m a g n e t ic  f i e ld  a n d  f o r  c o n v e n ie n c e  
th e  f o l l o w in g  n o t a t io n  is  in t r o d u c e d :
H  = Ho'fi. (1.36)
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T h e  a b o v e  b o u n d a r y  c o n d it io n s  b e c o m e  — — e  tks a n d  ip (s) —  i  _ e  ikz f o r  th e  s u b s u r fa c e  
a n d  s u r fa c e - b r e a k in g  c ra c k s  r e s p e c t iv e ly .
E l e c t r i c  F i e l d
T h e  d is c o n t in u i t y  in  th e  s c a t t e r e d  f ie ld  w h ic h  o c c u r s  as a  c r a c k  is  c r o s s e d  ca n  b e  r e p r e s e n t e d  
in  t e r m s  o f  a n  a p p r o p r ia t e  s u r fa c e  d is t r ib u t io n  o f  c u r re n t  d ip o le s [2 2 ] ,  p  =  p  h , w h e r e  fi is  
h e r e  th e  u n it  v e c t o r  n o r m a l  t o  t h e  c ra c k .  B y  G a u s s ’ s L a w  th e r e  is  n o  d is c o n t in u it y  in  t h e  
n o r m a l  c o m p o n e n t  o f  E  as  th e  c ra c k  is  c r o s s e d  s in c e  th e  t o t a l  c u r r e n t  w i t h in  a  s m a ll  c y l in d e r  
t h r o u g h  th e  s u r fa c e  is  z e r o .  T h e r e  is ,  h o w e v e r ,  a  d is c o n t in u it y  in  th e  t a n g e n t ia l  c o m p o n e n t  
o f  E  a s  th e  c r a c k  is  c r o s s e d .  T h e  d is c o n t in u it y  is  g iv e n  b y
[E « ]  =  - i v 4p (1.37)
w h e r e  V *  is t h e  t r a n s v e r s e  d i f f e r e n t ia l  o p e r a t o r  g iv e n  h e r e  b y
Y7 __ * 6 \ * 9
V t =  v d i  +  z T z-
In  t h e  d e f in i t io n  g i v e n  in  (1 .3 7 )  th e r e  is  a n  im p l i c i t  a s s u m p t io n  s in c e , in  g e n e r a l ,  a  s u r ­
fa c e  v e c t o r  c a n n o t  b e  e x p r e s s e d  as  th e  g r a d ie n t  o f  a  s c a la r .  S p e c i f ic a l ly ,  i t  is  a s s u m e d  t h a t  
V j  X  [ E t]  =  0 . T h i s  is  e q u iv a le n t  t o  th e  r e q u ir e m e n t  th a t  t h e  n o r m a l  c o m p o n e n t  o f  t h e  f lu x  
d e n s i t y  is  c o n t in u o u s  a c ro s s  th e  d e fe c t .  S in c e  th is  r e q u ir e m e n t  is  fu l f i l le d ,  th e  a s s u m p t io n  
im p l i c i t  in  (1 .3 7 )  is  v a l id .
I m p e d a n c e
T h e  q u a n t i t y  o f  in t e r e s t  in  n o n - d e s t r u c t iv e  e v a lu a t io n  is  t h e  c h a n g e  in  im p e d a n c e  (m e a s u r e d  
b y  a  p r o b e  a g a in s t  t h e  c o n s ta n t  b a c k g r o u n d  im p e d a n c e  o f  f la w le s s  m a t e r i a l )  w h ic h  c a n  b e  a t ­
t r ib u t e d  t o  th e  p r e s e n c e  o f  a  f la w .  T h e r e  a r e  e s s e n t ia l ly  tw o  m e th o d s  b y  w h ic h  th e  im p e d a n c e  
c h a n g e  d u e  t o  a  c r a c k  m a y  b e  c a lc u la t e d .  In  th e  f ir s t  in s ta n c e ,  P o y n t in g ’ s th e o r e m  m a y  b e  
a p p l ie d  as  in  S e c t io n  1 .2 .1 . A l t e r n a t i v e l y ,  th e  c ra c k  m a y  b e  t r e a t e d  as  a n  a p p r o p r ia t e  d is ­
t r ib u t io n  o f  c u r r e n t  d ip o le s  a n d  th e  im p e d a n c e  c h a n g e  c a lc u la t e d  v i a  a n  a p p l ic a t io n  o f  t h e  
r e c ip r o c i t y  r e la t io n s h ip .  S u b s u r fa c e  a n d  s u r fa c e - b r e a k in g  c ra c k s  w i l l  b e  c o n s id e r e d  in  d e t a i l .
A  c o n d u c to r  c o n t a in in g  a  s u b s u r fa c e  c r a c k  is  s h o w n  in  F ig u r e  1 .3 . T h e  c ra c k  is  a s s u m e d  
t o  e x t e n d  f o r  t h e  fu l l  d e p th  o f  t h e  h a l f - s p a c e .  A s  in  th e  c a s e  o f  th e  f la w le s s  c o n d u c to r ,  t h e  
im p e d a n c e  h e r e  m a y  b e  c a lc u la t e d  b y  in t e g r a t in g  th e  P o y n t in g  v e c t o r  o v e r  th e  s u r fa c e  o f  t h e
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Aair
F ig u r e  1 .3 : A  c o n d u c t in g  h a lf - s p a c e  c o n ta in in g  a s u b s u r fa c e  c ra c k .
c o n d u c to r .  A l t e r n a t i v e l y ,  th e  s a m e  re su lt  can  b e  fo u n d  b y  in t e g r a t in g  o v e r  t h e  fa c e s  o f  th e  
c r a c k  i t s e l f .  T h e  e q u iv a le n c e  o f  in t e g r a t in g  th e  P o y n t in g  v e c t o r  o v e r  e i t h e r  S\  o r  S 2 w i l l  b e  
s h o w n .  N o t e  t h a t  S 2 c o v e r s  th e  e n t ir e  c ra c k ,  i.e .  th e  in t e g r a t io n  is  p e r fo r m e d  o v e r  b o th  c ra c k  
fa c e s .
F o r  a  v o lu m e ,  V , e n c lo s e d  b y  a  s u r fa c e ,  5 ,  su ch  as th e  o n e  s h o w n  b y  th e  d a s h e d  l in e  in  
F i g u r e  1 .4  , th e  v e c t o r  G r e e n ’ s th e o r e m  is
( a . V  x  V  x  b  -  b . V  x  V  x  a )  d V  =  j  ( b x V x a - a x V x  b ) . n  d S ,  (1 .3 8 )
w h e r e  a  a n d  b  a r e  v e c t o r  f ie ld s  s u b je c t  t o  th e  u s u a l c o n d it io n s  w i t h in  th e  r e g io n  u n d e r  
c o n s id e r a t io n ,  h  is  th e  u n it ,  o u t w a r d - fa c in g  v e c t o r  n o r m a l  t o  5  a n d , in  th is  s e c t io n ,  V  is  t h e  
th r e e - d im e n s io n a l  L a p la c ia n .  E q u a t io n  (1 .3 8 )  m a y  b e  a p p l ie d  in  th e  f o l l o w in g  w a y . L e t  
t a k e  th e  p la c e  o f  a  a n d  t h e  s c a t t e r e d  e le c t r ic  f i e ld ,  E ^ sl ,  ta k e  th e  p la c e  o f  b  in  (1 .3 8 ) .  T h e  
e l e c t r i c  f ie ld  in  th e  c o n d u c to r  o b e y s  th e  H e lm h o l t z  e q u a t io n ,  an d  u se  o f  th e  v e c t o r  id e n t i t y
V  x  V x  =  V V .  -  V 2
c o u p le d  w i t h  th e  fa c t  t h a t  t h e  e le c t r ic  f ie ld  h as  z e r o  d iv e r g e n c e  ( f r o m  (1 . 2 )  a n d  ( 1 . 1 0 ) )  g iv e s
V x V x E = fc2E, (1.39)
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F ig u r e  1 .4 : P a t h  o f  in t e g r a t io n  f o r  a p p l ic a t io n  o f  t h e  v e c t o r  G r e e n ’ s th e o r e m .
w h ic h  h o ld s  f o r  b o t h  th e  t o t a l  a n d  s c a t t e r e d  e l e c t r i c  f ie ld s .  T h i s  r e s u lt  y ie ld s  t h a t  t h e  l e f t
h a n d  s id e  o f  ( 1 .3 8 )  is  z e r o  a n d  c o n s e q u e n t ly
J s ( E [s )  x  H  -  E  x  H (s ) ) . n  d S  =  0 , ( 1 .4 0 )
w h e r e  (1 .1 2 )  h a s  b e e n  u s e d . I t  is  n o w  a s s u m e d  t h a t  t h e  c o n t r ib u t io n s  f r o m  th e  p a r t s  o f  S
n o t  o n  th e  in t e r fa c e  o r  t h e  c ra c k  a r e  n e g l i g ib l e 1 . S in c e  th e  t o t a l  m a g n e t ic  f i e ld ,  H ,  is  z e r o  
o n  th e  c ra ck  a n d  th e  s c a t t e r e d  m a g n e t ic  f ie ld ,  is  z e r o  o n  th e  a i r - c o n d u c t o r  b o u n d a r y ,  
(1 .4 0 )  g iv e s
/  ( E (s ) x  H  ) . i i  d S  =  /  ( E x  H ^ ) . n  d S .  (1 .4 1 )
JSi Js2
I f  A Z  is  th e  c h a n g e  in  im p e d a n c e  m e a s u r e d  d u e  t o  t h e  p r e s e n c e  o f  a  s u b s u r fa c e  c r a c k  th e n ,
aT h is  is a valid assumption since, i f  the crack is regarded as an equ ivalent d istribu tion  o f  current dipoles,
the scattered field far from  the crack behaves as
1 T f r i )  f  I \ i k r  I |A \ l l 0 (k r ) ^ —— e as r —* oo,
y/r
where is the Hankel function o f the first kind, A\ and A 2 are constants and r is the d istance from  the
crack edge. Since k has a pos itive  im aginary part, the scattered fie ld  tends to  zero fo r large |r|.
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7 2A Z  =  [  ( E ( s ) x H ) . h d S  (1 .4 2 )
JSi
a n d
J 2A Z =  [  ( E x H { s ) ) . n d S .  (1 .4 3 )
J  s 2
In  t h e  c a s e  o f  (1 .4 3 ) ,  th e  r e s u lt  o f  in t e g r a t in g  o v e r  e i th e r  c ra c k  fa c e  is  t h e  s a m e  so , fo r
c o n v e n ie n c e ,  th e  in t e g r a t io n  c a n  b e  p e r f o r m e d  o v e r  t h e  fa c e  a t  x  =  0 +  o n ly  a n d  th e  r e s u lt
m u l t ip l i e d  b y  tw o .  F o r  t h e  s y s t e m  s h o w n  in  F i g u r e  1 .3 , fo r m u la e  ( 1 .4 2 )  a n d  (1 .4 3 )  b e c o m e
by Poynting’s theorem,
a z  =  r ° °
o  \  I  J  J - 00 d z
2 r ~ h dip(s}
d x  (1 .4 4 )
2=0
“  - m r y - d x d z  (1 .4 5 )
T h e s e  e q u a t io n s  e n a b le  c a lc u la t io n  o f  t h e  im p e d a n c e  c h a n g e  d u e  t o  a  s u b s u r fa c e  c ra c k  in  
t e r m s  o f  t h e  m a g n e t ic  f ie ld  b y  in t e g r a t in g  e i t h e r  o v e r  th e  a ir - c o n d u c t o r  in t e r fa c e  o r  o v e r  o n e  
fa c e  o f  t h e  c ra c k  i t s e l f .
In  A p p e n d ix  A ,  th e  f o r m u la  f o r  c a lc u la t in g  th e  im p e d a n c e  c h a n g e  d u e  t o  t h e  p re s e n c e  
o f  a  f l a w  is  d e r iv e d  v i a  an  a p p l ic a t io n  o f  t h e  r e c ip r o c i t y  r e la t io n s h ip  in  w h ic h  th e  c ra c k  is 
m o d e l le d  b y  a  d is t r ib u t io n  o f  c u r r e n t  d ip o le s .  T h e  r e s u lt in g  f o r m u la  m a y  b e  e x p r e s s e d  in  
t e r m s  o f  th e  m a g n e t ic  f i e ld  a lo n e  as  s h o w n  in  ( A .  1 3 ).  T h e r e  is a g r e e m e n t  b e t w e e n  ( A .  1 3 ) a n d
(1 .4 5 ) .
I t  r e m a in s  t o  c o n s id e r  t h e  c h a n g e  in  im p e d a n c e  d u e  t o  a  s u r fa c e - b r e a k in g  c ra c k .  T h e
g e o m e t r y  o f  t h e  s y s te m  is  s h o w n  in  F i g u r e  1 .5 . T h e  s u r fa c e  o f  in t e g r a t io n ,  S ,  n o w  in c lu d e s
th e  fa c e s  o f  t h e  c ra c k  as  w e l l  as  th e  a i r - c o n d u c t o r  b o u n d a r y .  T h e  im p e d a n c e  c h a n g e  d u e  
t o  th e  p r e s e n c e  o f  th e  c ra c k  is  fo u n d  b y  in t e g r a t in g  t h e  P o y n t in g  v e c t o r  c o n s t r u c t e d  f r o m  
th e  t o t a l  e l e c t r i c  a n d  m a g n e t ic  f ie ld s  o v e r  S  a n d  s u b t r a c t in g  th e  r e s u lt  f o r  t h e  u n c ra c k e d  
c o n d u c to r .  N o t in g  th a t  t h e  t o t a l  m a g n e t ic  f i e ld  h a s  th e  v a lu e  Hq o n  b o t h  th e  a ir - c o n d u c t o r  
in t e r f a c e  a n d  th e  c ra c k  fa c e s ,  t h e  e x p r e s s io n  f o r  t h e  im p e d a n c e  c h a n g e  m a y  b e  w r i t t e n
/ co r 04 S )l » = o  d x - H o  [ E , ] x ^ d z .  (1 .4 6 )
-00 J—d
T h e  in c id e n t  f i e ld  is  c o n t in u o u s  a c ro s s  th e  c r a c k  s o  t h a t  th e  ju m p  in  th e  v a lu e  o f  t h e  t a n g e n t ia l  
c o m p o n e n t  o f  th e  t o t a l  e le c t r ic  f i e ld  is  th e  s a m e  as t h a t  f o r  th e  s c a t t e r e d  e l e c t r i c  f ie ld :
[ E z]  =  [ E i s ) ] ,  (1 .4 7 )
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F ig u r e  1 .5 : A  c o n d u c t in g  h a l f - s p a c e  c o n t a in in g  a  s u r fa c e -b r e a k in g  c ra c k .
R e la t in g  th e  e l e c t r i c  f ie ld  t o  th e  m a g n e t ic  f ie ld  b y  m e a n s  o f  (1 .1 3 )  a n d  u s in g  (1 .4 7 )  e n a b le s
(1 .4 6 )  t o  b e  w r i t t e n
dz
z = 0
dxp^
) J-d dx
d z . (1 .4 8 )
F in a l l y  n o t e  t h a t ,  as  f o r  t h e  s u b s u r fa c e  c ra c k ,  th e  in t e g r a t io n  o v e r  th e  c ra c k  c a n  c o n v e n ie n t ly  
b e  p e r fo r m e d  o v e r  o n e  fa c e  o n ly  a n d  th e  r e s u lt  d o u b le d  t o  g iv e
dipM
dz
d x
r=0 - m r -
2 rO Q^(a)
d dx
d z . (1 .4 9 )
x=0+
U s in g  th e  a p p r o a c h  in  w h ic h  th e  c ra c k  is  m o d e l le d  b y  a  d is t r ib u t io n  o f  c u r r e n t  d ip o le s ,  
p ,  t h e  f o r m u la e  w h ic h  d e p e n d  d i r e c t l y  o n  p  a r e  u s e fu l i f  th e  c u r r e n t  d ip o le  d is t r ib u t io n  is  
k n o w n .  F o r  th e  g e o m e t r y  u n d e r  c o n s id e r a t io n  ( A . 8 )  b e c o m e s
I2A Z  = 4 * ) pxdz. (1 .5 0 )
S u m m a r y
In  th is  s e c t io n ,  fu n d a m e n t a l  r e la t io n s h ip s  w h ic h  w i l l  b e  u sed  e x t e n s iv e ly  in  th e  f o l l o w in g  
c a lc u la t io n s  h a v e  b e e n  e s t a b l is h e d .  T h e  b o u n d a r y  c o n d it io n s  w h ic h  m u s t  b e  o b e y e d  b y  th e
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s c a t t e r e d  m a g n e t ic  f ie ld  o n  a  s u b s u r fa c e  a n d  s u r fa c e - b r e a k in g  c ra c k  a r e  g i v e n  b y  (1 .3 4 )  a n d  
(1 .3 5 )  r e s p e c t iv e ly .  T h e  f o r m u la e  b y  w h ic h  th e  im p e d a n c e  c h a n g e s  d u e  t o  th e s e  c ra c k s  ca n  
b e  c a lc u la t e d  a r e  g iv e n  in  (1 .4 4 ) ,  ( 1 .4 5 )  a n d  (1 .4 9 ) ,  f o r  ca ses  in  w h ic h  th e  s c a t t e r e d  m a g n e t ic  
f i e ld  is  k n o w n , a n d  b y  (1 .5 0 ) ,  w h e n  th e  e q u iv a le n t  c u r r e n t  d ip o le  d is t r ib u t io n  o n  th e  c r a c k  is  
t h e  k n o w n  q u a n t it y .
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C h a p t e r  2
A p p l i c a t i o n s  o f  t h e  W i e n e r - H o p f  
M e t h o d
T h e  W i e n e r - H o p f  t e c h n iq u e  w a s  p u b l is h e d  in  1 9 3 1 , h a .v in g  b e e n  d e v e lo p e d  t o  s o lv e  a  p a r t ic u la r  
c la s s  o f  in t e g r a l  e q u a t i o n f l l l ] .  A  n u m b e r  o f  y e a r s  la t e r  i t  w a s  n o t e d  b y  b o t h  J . S c h w in g e r  a n d  
E .  T .  C o p s o n  (w o r k in g  in d e p e n d e n t ly )  t h a t  t h e  in t e g r a l  e q u a t io n  f o r m u la t io n  o f  s e m i- in f in i t e  
p la n e  d i f f r a c t io n  p r o b le m s  c o u ld  b e  s o lv e d  b y  th e  W ie n e r - H o p f  m e th o d .  T h e  p r o c e d u r e  
u s u a l ly  d e p e n d s  o n  u s e  o f  o n e  o f  t h e  F o u r ie r - L a p la c e - M e l l in  in v e r s io n  t r i o  in  o b t a in in g  a  
c o m p le x  v a r ia b le  e q u a t io n  w h ic h  is  s o lv e d  b y  a n a ly t ic  c o n t in u a t io n .  In  1952  D . S . J o n e s  
p u b l is h e d  a  d i f f e r e n t ,  b u t  e q u iv a le n t ,  a p p r o a c h  in  w h ic h  t r a n s fo r m s  a r e  a p p l ie d  d i r e c t l y  t o  th e  
p a r t ia l  d i f f e r e n t ia l  e q u a t io n  a n d  th e  c o m p le x  v a r ia b le  e q u a t io n  fo u n d  w i t h o u t  th e  f o r m u la t io n  
o f  a n  in t e g r a l  e q u a t io n [5 6 ] .  T h e  r e l a t i v e  s im p l i c i t y  o f  J o n e s ’ s m e th o d  le d  t o  i t  b e in g  u s e d  
a lm o s t  e x c lu s iv e ly  b y  B .  N o b le [8 7 ]  in  h is  c o m p r e h e n s iv e  s u m m a r y  o f  t h e  u se  o f  th e  W ie n e r -  
H o p f  t e c h n iq u e  p u b l is h e d  in  1 95 8 . T h e  W ie n e r - H o p f  a n a ly s is  is  a b le  t o  p r o v id e  b o t h  e x a c t  
a n d  a p p r o x im a t e  s o lu t io n s ,  d e p e n d in g  o n  th e  p a r t ic u la r  p r o b le m  u n d e r  c o n s id e r a t io n .  I t  
is  s o m e w h a t  s u r p r is in g  t h a t ,  a l t h o u g h  s o lu t io n s  t o  m a n y  d i f f r a c t io n  p r o b le m s  h a v e  b e e n  
p u b l is h e d ,  th e  a p p e a r a n c e  o f  th is  t e c h n iq u e  in  th e  e d d y - c u r r e n t  l i t e r a t u r e  is  e x t r e m e ly  r a r e .  
T h e  o n l y  e x a m p le  k n o w n  t o  th e  a u th o r  is  t h a t  o f  M .  R ia z ia t  a n d  B .  A .  A u ld [9 5 ]  w h o  u sed  
th e  t e c h n iq u e  in  a  s t a n d a r d  w a y  t o  s o lv e  d u a l  in t e g r a l  e q u a t io n s  a r is in g  in  th e  s tu d y  o f  c ra c k s  
a t  t h e  in t e r fa c e  b e w e e n  th e  c a r b o n  s te e l  w a l ls  a n d  p r o t e c t i v e  c la d d in g  la y e r  o f  n u c le a r  p o w e r  
p la n t  p r e s s u re  v e s s e ls .  T h e r e  a r e  a  f e w  e x a m p le s  o f  u se o f  t h e  W ie n e r - H o p f  m e th o d  in  o t h e r  
a r e a s  o f  n o n - d e s t r u c t iv e  e v a lu a t io n .  T h e  t e c h n iq u e  h as  b e e n  a p p l ie d  in  a  s t r a ig h t fo r w a r d
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m a n n e r  b y  D .  P . A lm o n d  a n d  S . K .  L a u [1 5 ] in  a  m e th o d  f o r  d e fe c t  s i z in g  u s in g  t r a n s ie n t  
t h e r m o g r a p h y .  T h e  m o r e  c o m p le x  p r o b le m  o f  a c o u s t ic  s c a t t e r in g  b y  a n  in c l in e d ,  s u r fa c e -  
b r e a k in g  c ra c k  h a s  b e e n  s o lv e d  b y  S, K .  D a .tta .[37 ] in  th e  lo w - f r e q u e n c y  l im i t .  T h e  s o lu t io n  
c o n s is t s  o f  m a tc h e d  a s y m p t o t i c  e x p a n s io n s  f o r  t h e  s c a t t e r e d  f ie ld  b o t h  n e a r  t o  a n d  f a r  f r o m  
th e  c ra c k .  D a t t a  u sed  th e  W ie n e r - H o p f  t e c h n iq u e  in  c o n ju n c t io n  w i t h  th e  M e l l in  t r a n s fo r m  
in  f in d in g  t h e  t e r m s  in  th e  a s y m p t o t i c  s e r ie s .
O n e  o f  t h e  s im p le s t  o p t i c a l  d i f f r a c t io n  p r o b le m s  w h ic h  ca n  b e  s o lv e d  b y  t r a n s fo r m s  a n d  
th e  W i e n e r - H o p f  t e c h n iq u e  is  t h a t  o f  a  tw o - d im e n s io n a l  p la n e  w a v e  f a l l in g  o n  a  s e m i- in f in i t e  
p la n e .  I t  is  o n e  o f  th e  f e w  r ig o r o u s  s o lu t io n s  a v a i la b le  t o  s e r v e  as a  b e n c h -m a r k  f o r  v e r i f i c a ­
t i o n  o f  a p p r o x im a t e  a.nd n u m e r ic a l  m e th o d s  a n d  y ie ld s  th e  fa m o u s  r e s u lt  d e r iv e d  o r i g in a l l y  
b y  A .  S o m m e r fe ld [1 0 4 ,  1 0 5 ]. S o m m e r fe ld ’ s m e t h o d  o f  s o lu t io n  w a s  in g e n io u s ,  u s in g  th e  d e ­
v i c e  o f  d o u b le - v a lu e d  w a v e  fu n c t io n s ,  w h e r e a s  th e  f in a l  r e s u lt  tu r n e d  o u t  t o  h a v e  a  s im p le  
f o r m  in v o l v in g  F r e s n e l in t e g r a ls .  A n  e x t e n s iv e  d is c u s s io n  o f  S o m m e r fe ld ’s r e s u lt  w i t h  m a n y  
g r a p h s  o f  n u m e r ic a l  e v a lu a t io n s  is  g iv e n  b y  M .  B o r n  a n d  E . W o l f [2 1 ] .  T h i s  s o lu t io n  c o n ­
t in u e s  t o  p r o v o k e  in t e r e s t  a n d  h a s  b e e n  r e d e r iv e d  u s in g  s e v e r a l  m a t h e m a t ic a l  m e th o d s ,  n o t  
o n ly  th e  W i e n e r - H o p f  t e c h n iq u e .  R e c e n t  r e d e r iv a t io n s  a p p e a r e d  in  1 9 7 7 [2 0 ] a n d  1 9 8 7 [9 7 ] a n d  
e x a m p le s  o f  d e r iv a t io n s  v i a  t h e  W ie n e r - H o p f  m e t h o d  a r e  th o s e  b y  J o n e s [5 8 ],  N o b le [8 7 ]  a n d  
W y ld [1 1 3 ] .  U n l ik e  m a n y  o f  t h e  s c a t t e r in g  th e o r ie s  in  o p t ic s  w h ic h  a r e  o n ly  a p p l ic a b le  f a r  
f r o m  th e  s c a t t e r e r ,  S o m m e r fe ld ’ s s o lu t io n  is  a ls o  v a l id  in  t h e  r e g io n  n e a r  th e  s c a t t e r e r .  T h i s  
m a k e s  i t  p a r t i c u la r l y  a t t r a c t i v e  f o r  use in  e d d y - c u r r e n t  t h e o r y  w h e r e  th e  n e a r  f i e ld  r e g io n  is 
o f  t h e  g r e a t e s t  im p o r t a n c e .
In  th is  c h a p t e r ,  t h e  W i e n e r - H o p f  d e r iv a t io n  o f  t h e  S o m m e r fe ld  s o lu t io n  f o r  d i f f r a c t io n  b y  
a  s e m i- in f in i t e  h a l f - p la n e  is  r e p r o d u c e d  in  th e  c o n t e x t  o f  e d d y - c u r r e n t  t h e o r y  a n d  th e  s o lu t io n  
is  u s e d  t o  a p p r o x im a t e  th e  f i e ld  s c a t t e r e d  b y  a n  id e a l  s u b s u r fa c e  c r a c k ,  su ch  a s  t h a t  s h o w n  
in  F ig u r e  1 .3 . T h e  a p p r o x im a t io n  is  g o o d  f o r  c ra c k s  o f  s u f f ic ie n t  d e p th  b e lo w  th e  s u r fa c e  o f  
t h e  c o n d u c to r .  A  v a lu e  f o r  t h e  im p e d a n c e  c h a n g e  d u e  t o  th e  p r e s e n c e  o f  th e  c r a c k  is  fo u n d .
S e c o n d ly ,  t h e  W i e n e r - H o p f  te c h n iq u e  is  a p p l ie d  t o  th e  p r o b le m  o f  t h e  s u r fa c e - b r e a k in g  
c r a c k .  T h e  s c a t t e r e r  is  m a d e  t o  b e h a v e  l ik e  a  s t r ip  b y  im a g in g  th e  c r a c k  in  th e  p la n e  o f  t h e  
a i r - c o n d u c t o r  in t e r fa c e .  T h e  s o lu t io n  is  o b t a in e d  in  th e  f o r m  o f  a  F r e d h o lm  in t e g r a l  e q u a t io n  
o f  t h e  s e c o n d  k in d  w h ic h  c a n  b e  s o lv e d  a p p r o x im a t e ly .  T h e  n a tu r e  o f  th e  s o lu t io n  d ic t a t e s  
t h a t  i t  is  v a l id  f o r  h ig h  f r e q u e n c ie s  o n ly .  T h e  f i r s t  f e w  t e r m s  in  th e  s e r ie s  f o r  t h e  s c a t t e r e d  
f i e ld  a r e  fo u n d  e x p l i c i t l y  a n d  t h e  lo w e s t  o r d e r  c o n t r ib u t io n  t o  th e  im p e d a n c e  c h a n g e  d u e  t o
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the presence of the crack is found. It is shown that the lowest order terms in the solutions for 
both the field and impedance change agree with those of an independent calculation. Higher 
order terms arise from multiple scattering between the edges of the crack and its image.
Finally, consideration is given to the problem in which the width of the crack is no longer 
infinitesimal but has a finite value. The Wiener-Hopf approach to this problem allows some 
deductions to be made in the cases of both the subsurface and surface-breaking cracks.
2.1 T h e  W i e n e r - H o p f  M e t h o d
The Wiener-Hopf method is founded on the principle of analytic continuation, which states 
that an analytic function is uniquely determined everywhere in the complex plane by its 
values in any neighbourhood, however small, of a specific point in the plane. In the solutions 
given here, a Laplace transform is applied directly to the Helmholtz equation for the scat­
tered magnetic field and the resulting complex variable equation solved. A Fourier or Mellin 
transform could equally be used; the Laplace transform is used simply by choice.
The general problem obtained by transforming a partial differential equation in some way 
is that of finding unknown functions F+($ ) and G '- (s )  which satisfy
A(.s)F+(s) + B ( s )G - ( s )  + C (s )  = 0, (2.1)
where s =  a + i r  and a and r are real. This equation holds in a strip <r+ < a < <7_, 
—oo < r < oo of the complex 5-plane; the function 7+(5) is regular in the half-plane a > <r+ ; 
G ~ (s )  is regular in a < <j_; and certain information (to be specified later) is available 
regarding the behaviour of these functions as s tends to infinity in the appropriate half­
planes. The functions A(5), B (s ) and C(s) are given functions of 5, regular in the strip. 
Regions of regularity are shown in Figure 2.1.
A fundamental step in the Wiener-Hopf procedure for solution of (2.1) is to find K + (s ) 
regular and non-zero in cr >  <7+ and K - ( s )  regular and non-zero in a < <r_ such that
B { 5) "  K R s ) ’ { }
If I { + and K -  cannot be found by inspection, certain theorems and procedures may be 
invoked. There are a number of publications devoted entirely to the specific nature of this 
decomposition procedure for different problems. See, for example, reference [18]. Equation
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a+ a-
Figure 2.1: F+ is regular for o  > cr+ , G_ is regular for o  <  cr_ and the Wiener-Hopf equation 
is regular for o + < a < <7_.
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K + (s )F + (s ) + K - ( s ) G - ( s )  + K . ( s )C (s )/ B (s )  = 0. (2.3)
The term K - ( s )C ( s )/ B (s )  is now decomposed in the following way;
K - (s )C ( s )/ B (s )  =  C + (s )  + C -W , (2.4)
where C+ (s) is regular in the half-plane cr >  cr+ and C - ($ )  is regular in a < cr_. This 
decomposition is always possible in principle. An example of a separation mechanism is 
given in Appendix B. Rearrange (2.3) using the above and define a function E (s ) by
E (s )  =  K + (s )F + (a ) + C + (s )  = - K - ( s ) G . ( s )  -  C - ( s ) .  (2.5)
Clearly, E (s )  is defined in the strip cr+ <  cr <  cr The second part of the equation is, however,
defined and regular as s -* oo in o  > <r+ and the third part is defined and regular as s -* oo in
o  <  cr- . The identity theorem for analytic functions states that if two functions are analytic 
in a region R  and if they coincide in a neighbourhood, however small, of a specific point in 
R  then the two functions are equal everywhere in R. The function E (s ) can, therefore, be 
defined by analytic continuation over the whole .s-pi ane and is regular everywhere (or entire). 
Now suppose it can be shown that
\K+ (s )F + ($ )  +  C+(s)\ < \.s\p s ^  oo,ct > (2.6)
|/7_(s)(j_(5) + C_(s)j < |sj9 S —+ 00,0 < (7_. (2.7)
Then, by the extended form of Liouville’s theorem, E (s )  is a polynomial P ( s ) of degree less 
than or equal to the integral part of min (p, q). That is,
K + (s )F + (s )  +  C+ (s )  =  P ( s )  (2.8)
K - ( s ) G - ( s )  +  C - ( s )  = - P ( s ) .  (2.9)
These equations determine F+ ($ ) and G ~ ($ )  to within the arbitrary polynomial P(s), i.e. 
to within a finite number of arbitrary constants which must be otherwise determined. In 
practice, P (s )  is often zero and it is straightforward to rearrange (2.8) and (2.9) to find 
F + (s ) and G ~ (s ) . In this way the Wiener-Hopf technique supplies solutions for 7+(*s) and
The demanding parts of the Wiener-Hopf technique are the factorisation (2.2) and decom­
position (2.4) and the verification of the existence and the desired behaviour of the various
(2.1) is rearranged using the above to give
30
Figure 2.2: The optical problem of a plane wave impinging on a semi-infinite barrier.
transforms which appear. As mentioned previously, the factorisation and decomposition can 
always be performed in principle but sometimes result in unworkable forms.
2+2 S u b s u r fa c e  C r a c k
Consider Figure 1.3 in which a conducting half-space containing a subsurface crack is depicted. 
When h is sufficiently large, the effect of the air-conductor interface can be ignored. The 
problem can then be formulated in a manner which parallels the optical problem of diffraction 
of a plane wave ( ‘tpV) = e-tk(xsmd>+zcos4>)^ ^y a semi-infinite barrier, as shown in Figure 2.2. 
The solution to tlie eddy-current problem can be deduced from that of the optical problem 
with Dirichlet boundary conditions by setting <f> — 0, since the incident field and boundary 
conditions of the optical case then reduce to those of the eddy-current case (Section 1.2.2). 
The angle (f> is of direct physical significance in the context of optical ray theory whereas in 
the theory of eddy-currents it serves merely as a device by which results of optical ray theory 
can be adapted to the eddy-current case.
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2.2.1 W iener-H op f Derivation o f the Sommerfeld Solution for Eddy-Current 
Scattering by a Semi-Infinite, Ideal Crack
The magnetic field incident on the crack is given by
#<*■> = e - iks (2.10)
and the boundary conditions for the scattered magnetic field in the plane of the crack are
^ (s)(0,z) = - e ~ ikz z <  0 (2.11)
---X  —  = 0 z > 0 .  (2.12)
ox
The scattered magnetic field obeys the Helmholtz equation, (1.31), in the conductor. In order 
to apply the Wiener-Hopf method of solution, equation (1.31) will be transformed into the 
complex 5-plane using the bilateral Laplace transform:
/ CO
if>(x,z)e~sz dz, (2.13)
-CO
where the complex variable 5 = cr + i r . The inverse of (2.13) is derived in Appendix C and 
is given by
1 r c+ to o
t !> (x ,z )— —  '&(x,s)esz ds. . (2.14)
2li l Jc-ioD
The contour lies in the strip in the complex plane in which ^ is regular. Applying (2.13) to 
the Helmholtz equation (1.31) gives
+  « 2t (z ,5 ) = 0. (2.15)
Solutions of the above which decay away from the scatterer are of the form
( A (s )e lKX x > 0
¥ ( * , * ) = {  (2.16)
[ B (s )e~ iKX x < 0,
where k = vft2 + k2 is assumed to have a positive imaginary part. The continuity of f> (x ,z )
across x = 0 implies that 4/(a;, 5) is also continuous across x = 0. This means that A(5) = B (s )
and, therefore,
V (x ,s )  = A(5)eiKK  (2.17)
The solution ^(a:,5) is now written as the sum of two functions, and which are each 
regular in different halves of the complex plane:
$ (* , 5) =  9+(x,s) +  • - ( * . * ) .  (2.18)
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where
$+(a,.s) = [  -tp(s\ x , z ) e ~ sz dz (2.19)
Jo
/ o
TpW(x,z)e~sz dz. (2.20)
-CO
The functions and 1F_ are effectively half-range Laplace transforms and the regions in 
which they are analytic may be deduced via an optical argument given in detail by Noble[87] 
and outlined below2. It may be deduced that, in the eddy-current case, 4/+ is analytic for 
a > —ki and is analytic for cr < k{ , where k{ =  Imk. This means that iP is analytic in 
the strip defined by — ki <  a <  k{, —oo < r  < oo. The contour of (2.14) must, therefore, be 
such that —k{ <  c <  k(, —00 < r < 00.
The following are also defined:
n i . * )  = /0°° —  e~”
= /° ,iz. (2.22)
J—co @ X
Note that ty'+ and have the same regions of regularity as $+ and respectively. Ap­
plying definitions (2.19)-(2.22) to (2.17) in the plane of the crack gives
^+(0,5) + ^_(0,5) = A (s )  (2.23)
2T h e  fie ld  sc a tte red  b y  a sem i- in fin ite  o p t ic a l b a rr ie r  (in  th e  p a th  o f  a  p la n e  w a v e  0 ° )  =  e
can b e  rega rd ed  as b e in g  p rod u ced  b y  eq u iva len t  lin e  sources so th a t as r  =  a/x2 +  z2 —* 0 0 , th e  sc a tte red
fie ld  behaves as
A xH [V\ k r )  ~  ~ e ''A‘r =  ~ e ikrre~ k' r as \r\ oo ,
Vr Vr
fo r  any fix ed  (j> w ith  A\ and A 2 co n stan t and w h ere  is  th e  ze ro th  o rd e r  H an ke l fu n c tion  o f  th e  firs t k in d . 
T h e  fie ld  re fle c ted  by th e  sca tte re r  is  p ro p o r t io n a l to  4>-=cos f rom  w h ich  i t  m ay  b e  dedu ced  th a t , fo r
any fix ed  x,
|^"')| <  A zeki~c°s<)>~ k' ^ Sln ^ —0 0  <  z <  — |a;|cot0
| 0 ^ |  <  A.ie~k'/ * Z**~  — |:c|cot0 <  z <  oo,
w h ere  0 * 4  is th e  sc a tte red  fie ld  and A 3 and A\ a re  constan ts . F rom  th e  a b o v e  it  is c le a r  th a t
\4>(4 )\<  A&ekiac°*+  z - * - o o  
|0*4| <  A oe~h<z z —* oo,
w h ere  A 5 and  A e  a re  fu r th e r  constan ts . D ed u c tio n  (1 )  fr o m  T h e o re m  A  in  N o b le ’ s b ook [8 8 ] t e lls  us im m e d ia te ly  
th a t  w hen  th e  a b o v e  re la tio n s  hold , th en  th e  fu n c tio n  if# , as d e fin ed  b y  (2 .1 9 ) is a n a ly t ic  fo r  cr >  — k{ and 4 _
is a n a ly t ic  fo r  cr <  ki cos 4>. T h is  m eans th a t  4  is  a n a ly t ic  in  th e  s tr ip  d e fin ed  by  — ki <  cr <  ki cos 0 .
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[$'+(2 ,5) + = - i n A ( s ) .  (2.25)
A complex variable equation which can be solved by the Wiener-Hopf method may be ob­
tained from (2.23)-(2.25) by eliminating the function A(s) whose region of regularity is un­
known. Subtracting (2.25) from (2.24), using (2.23) and noting that $+ is continuous across 
2 — 0 gives
«+ (0 , *) + ®_(0, s) =  f[* '_ (*, s )U o , (2.26)
where the square brackets represent the jump in the value of 9i.(x,s) at x = 0. This 
equation has the same form as (2.1). The solution of (2.26) is found in the following way.
s ) + y ' - ( x i *)]«=<)+ = i k A ( s ) (2.24)
Firstly, is found by using the boundary condition for the scattered field on the crack 
and evaluating (2.20):
=  ( 2 - 2 7 )
Substituting (2.27) into (2.26) gives
2iK (*+ (0 ,« )  + — L . )  =  [¥'_(*, s ) W  (2.28)
The next step is to resolve the terms in (2.28) into components which are regular either
for a > —hi or for o  < in order to obtain an equation of the form of (2.5). Now
k = \/s2 -f k2 =  y/s — iky/s -f ik. Dividing (2.28) by 2iy/s +  ik , which is regular and non­
zero in cr < &t-, gives
+ (2.29)
The first term on the left-hand side is regular for o  >  —k( and the term on the right-hand 
side is regular for o  < k{. The remaining term is split into functions regular in each of these 
regions by writing
V s  — ik V s  — ik -  V —2ik V ~ ‘2ik
 ----—  =------------rr +   r r ? (2.30)
s + tk s -f ik s +  ik
where the first term on the right-hand side is analytic in cr > — k{ and the second is analytic in 
a < k{. It is now possible to separate (2.29) completely into terms regular in either cr > —ki
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E (s )  =  x / 7 = ik 9 + (0  ) +  E E E f E E M  (2.31)
s +  ik ' '
— 5)]a?=p ^ y/—2ik
2 y/s +  ik (s + ik )
By analytic continuation, the function T7(.s) is defined and regular over the whole 5-plane
since its two constituent parts ((2.31) and (2.32)) are regular in half-planes which overlap.
Further, it is clear that E (s ) —> 0 as s —s- co in any direction. Under these, conditions the
extended form of Liouville’s theorem (Section 2.1) states that £ (5) is identically zero. This
makes determination of the unknown function ^+(0,5) straightforward:
»+(0 , s) =  2 - r r  + 7  — ■ (2.33)
5 -J- zk \/s — lk(s -f- zk)
Substituting (2.27) and (2.33) into (2.23) gives
or a < k;:
. . .  y/—2ik
A is )  =  ^
Substituting (2.34) into (2.17) gives
v5 — ik(s -j- zk)
In (2.35) the Wiener-Hopf technique has yielded the complex variable solution for the scat­
tered magnetic field. This must now be inverted to obtain the solution in real space. Inverting 
(2.35) using (2.14) gives
y/~'2ik f c+io° es2+t/«|a:|
-too y/s — ik(s -f- ik )
The integral in the above equation can be evaluated by shifting to an alternative contour 
in the 5-plane; the hyperbola, described by
/ i c «+t7e »
zf(x, z ) — — - I  , - ——— ds. (2.36)
2tz  Jc-io z i + z
5 = ikcos(0 +  i t ) , -0 0  < t <  00 (2.37)
and supposing that |&*| = ?*sin<? and z = rcos0. The details of the integration are given
in Appendix D. Setting 4> = 0 in (D.14) gives the magnetic field scattered by a subsurface
crack,
tf<5>(r,0) = ——-/^=— -e~t*Tcos5jF’{\/2&rcos (2.38)
y/K 2
where F  is the complex Fresnel function defined by
F A )  = J /  e’“2 du (2.39)
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and the co-ordinates are centered on the crack edge. For a crack whose edge lies at (0, — h), 
as in Figure 1.3, there is a shift in the co-ordinates so that z +  h =  rcosO  and (2.38) becomes
ffW (r,9 )=  - 2 F » l=!!^.e'^ e- i<:rcosef{\/2fcrCOS^ }, (2.40)
\/n 2
It can readily be shown that (2.40) satisfies the boundary condition on the crack by putting 
z +  h =  rcosO  in the exponential, substituting 0 = x (or 9 = —it) into the argument of the 
Fresnel function and using
\/t7 et7r/4
m  =  . (2.4i)
The scattered field given by (2.40) provides a perfect match with the boundary condition 
on the crack but matches the condition on the air-conductor interface, = 0, only
approximately, for h sufficiently large. The absolute value of H ( s) on the air-conductor inter­
face is plotted for various h in Figure 2.3. The deviation from the exact value of the scattered 
field on the air-conductor boundary (zero) increases as the edge of the crack approaches the 
surface. Since the boundary value for the total magnetic field (tpL1) =  i )  is matched perfectly 
by the incident field, the deviation in ipV) from zero represents the error in the boundary value 
of the total magnetic field. The deviation is greatest in the plane of the crack (x  — 0), so that 
the maximum error in the total magnetic field for h = 0.46 is approximately 18.5% and that 
for h = 6 is approximately 4%. In eddy-current work, an error of 5% is generally tolerable, 
which means that (2.40) is a valid approximation for the field scattered by a subsurface crack 
for h greater than about one skin depth.
It is of interest to plot the behaviour of the total and scattered magnetic fields near to 
the edge of the crack. In Figures 2.4 and 2.5, the absolute value and the phase of the total 
magnetic field are plotted as contour diagrams for a crack whose edge is one skin depth below 
the conductor surface. The contours of absolute value of the magnetic field are the lines of 
current flow. The barrier-like behaviour of the crack is evident. Away from the crack edge, 
the field assumes the behaviour of the unperturbed incident field.
The absolute value and phase of the scattered magnetic field are shown in Figures 2.6 and 
2.7 respectively. In Figure 2.6 the discontinuity in the tangential component of the electric 
field at the crack is clear. The way in which the crack can be modelled by an equivalent 
distribution of current dipoles is also made intuitively plain, since current flows from one side 
of the crack to the equivalent point on the other side.
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Figure 2.3: Absolute value of the magnetic field scattered by a subsurface crack (equation
(2.40)) on the surface of the conductor. Curves are shown for the crack edge at depths 
h = 0.4,0.6,0.8 and 1.05 below the conductor surface.
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z / 6  o
x/S
Figure 2.4: Contour plot of the absolute value of the total magnetic field in the neighbourhood
of the edge of a subsurface crack. The conductor surface occupies the plane 2 =  0 and the
crack is located at 2 = 0, z < — S.
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Figure 2.5: Contour plot of the phase of the total magnetic field in the neighbourhood of the
edge of a subsurface crack. The conductor surface occupies the plane z — 0 and the crack is
located at x =  0, z < — 5.
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Figure 2.6: Contour plot of the absolute value of the scattered magnetic field in the neigh­
bourhood of the edge of a subsurface crack. The conductor surface occupies the plane z — 0
and the crack is located at£ = 0, z < — 6.
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Figure 2.7: Contour plot of the phase of the scattered magnetic field in the neighbourhood
of the edge of a subsurface crack. The conductor surface occupies z = 0 and the crack is
located at x = 0, z < — 5.
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It remains to calculate the change in impedance due to the presence of the subsurface 
crack.
2.2.2 Impedance Calculation
In order to calculate the impedance change due to the presence of the subsurface crack, 
formula (1.45) derived in Section 1.2.2 will be used:
2 r~h 8-lpV)
dx
dz. (2.42)
The scattered field is given in (2.40) in terms of r and 6, which means that it is convenient 
to find the normal derivative on the crack face at x — 0+ in terms of these co-ordinates. It 
can be shown that3
dx
x=0-f.
z +  h dO
By means of the trigonometric identity
and the relation
(2.40) may be written
cos A — 2 cos — — 1
r-r y/ne™1* iz2 , P  \ F { z } ~ ----  e w (V tz ) ,
ip(s\ r ,  $) =  — etkh elkr iu (V  2ikr cos —).
(2.43)
(2.44)
(2.45)
(2.46)
'A s s u m in g  th a t  r and  6 a re d e fin ed  by  x — —r sin 0 and  s +  h =  r cos 0,
Op 04> Ox 04> dz . , 04> Oif
+  —  — - =  — sin 0—— +  co s0  —
Or Ox Or Oz Or Ox Oz
and
04) 04) Ox 04) Oz 04) . ,04)
—— =  —  -------- 1-----— —  =  —r-co s t )---------r  sin 0 — -
00 Ox 00 Oz 00 Ox Oz
M u lt ip ly in g  th e  firs t o f  th e  a b o v e  b y  sin 0 and  the secon d b y  and su m m in g  the resu ltin g  eq u a tion s  g ive s
04) . ,04’ cos 0 04>
S i  =sm eJ7 + —  -gf-
O n 0 =  ±7T.
04> _  1 Op _  1 04)
Ox r 00 z -V h 00
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The derivative of the ^ -function is given bv[2, 6]
♦ £ .  < « o
which means that
de
The formula for the change in impedance, (2.42), becomes
A Z  = _ £  f ' h L / T L  dz. ( 2.49)
(T\  I  J y/TT 7-00 V i-T fi V '
The integral can be evaluated by the simple change of variable, w = —(z + fr), and use of 
the standard result given below4[41]. The impedance change due to an ideal, semi-infinite, 
subsurface crack whose edge is depth fr below the conductor surface is given by
AZ = ~  ( J j - )  2 2 e2ikh. (2.50)
The absolute value of AZ  is plotted in Figure 2.8 for fr > 5. In the Figure it is clear that 
the exponential dependence of AZ on 2fr is sufficient to render the crack undetectable for fr 
larger than 45. It seems intuitively reasonable that AZ should depend on 2fr since, in the 
plane of the crack, this is the distance from the air-conductor interface to the crack edge and 
back.
2 .3  S u r fa c e -B r e a k in g  C ra c k
At high frequencies, where the skin depth is much smaller than the depth of the crack, 
current flows uniformly over the crack faces except near the edge (which is buried in the 
conductor) and the corners (where the crack meets the surface of the conductor). The edge 
and corner fields are effectively decoupled in this limit and may, therefore, be examined 
independently. The effective decoupling of the corner and edge fields in the high-frequency 
limit for a sufficiently deep crack allows the change in probe impedance due to the presence 
of the crack, AZ, to be calculated as a sum of terms:
AZ  — Z f  + Ze -{- Zc. (2.51)
4
Jr  C O  — a t  r—„ T t i t  =  P z -
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ct( £ ) 2 |az|
h/S
Figure 2.8: Absolute value of the impedance change, jAZ\t due to a subsurface crack whose 
edge lies depth h below the conductor surface.
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The contribution Z f  arises from the uniform current flow over the faces of the crack, Z e arises 
from the perturbation of the fields by the crack edge and Z c from the perturbation by the 
corners. This problem, in which the edge and corner fields are decoupled, has been solved 
by A. H. Kahn, R. Spal and A. Feldman[61] who calculated A Z  numerically. In this section, 
it will be shown how expressions for the decoupled ‘edge’ and ‘corner5 fields may be found 
using Wiener-Hopf analysis and agreement with the equivalent expressions used by Kahn 
et. al. will be demonstrated. The contributions Z f , Z e and Z c to A Z  will be calculated in 
closed form and shown to agree with the numerical result of [61]. In addition, the Wiener- 
Hopf method yields higher order terms in the expression for the scattered field, which apply 
when the solution is not completely decoupled and may be attributed to multiple scattering 
between the edge of the crack and its image.
There are two ways in which this calculation improves upon the result of A. H. Kahn, 
R. Spal and A. Feldman. Firstly, the Wiener-Hopf formalism treats the crack as a coherent 
whole rather than as a construction of separate edge and corner problems. The decoupled 
edge and corner fields arise naturally in the high-frequency limit of the Wiener-Hopf analysis. 
The Wiener-Hopf solution for the field also yields higher order terms, attributed to coupling 
between the edge of the crack and its image, which cannot be accounted for using the method 
of A. H. Kahn et. al. Secondly, the expression for A Z  is calculated here in closed form, giving 
an exact result rather than an approximate numerical result.
Expressions for the decoupled edge and corner fields will be reviewed before embarking 
on the Wiener-Hopf calculation.
Decoupled Edge and Corner Fields
In the limit in which the edge and corner fields are decoupled, the field near the edge of 
the crack can be approximated by the Sommerfeld solution for scattering at a semi-infinite 
plane. This solution is not identical to that used in the case of the subsurface crack since the 
boundary conditions are different. For the geometry shown in Figure 2.9, the appropriate 
form of the decoupled field at the edge of the crack (which will be denoted by H e) is
„  , „  H 0eik= —;r~
ikr
(2.52)w ^ ~ V 2 ik r  cos ~ (^ 9 + + w ^y/2ikr cos ^ 0^ — ^0^
where
cy — j
w ( Y i z ) =  F { z } , (2.53)
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Figure 2.9: Surface-breaking crack in a conducting half-space.
F { z )  is defined in (2.39) and cylindrical co-ordinates centred on the edge of the crack are 
x = rsin# and z + d = rcosd. The magnetic field He matches the required boundary 
condition on the crack5: H e = Ho.
The magnetic field in the corner of the conductor at the crack mouth, H c, can be found by
using the method of images, in which the Green’s function which vanishes on the conductor
surfaces (i.e. the air-conductor interface and the crack face) is found[80]. The result is, for a 
corner defined by boundaries at 2 = 0, x > 0 and x = 0, z < 0,
H c{x, z) = - i H 0[ f ( x ,  z ) + /(*, *)] (2.54)
where
f ( z , z )  = 4 -  r  H f i k Y F T F )  du (2.55)
OZ Jo
^ E q u a tion  (2 .5 2 ) m ay  be d e r iv ed  from  (D .1 6 ) by n o t in g  th e  change o f  c o -o rd in a te  sys tem  in te rm s  o f  th e  
rad ia l c o -o rd in a te s  w ith  resp ec t to  th e  p o s it ion  o f  th e  crack  be tw een  F igu res  2.2 and  2.9, and then  ch an g in g  
s ign  and p u tt in g  0 =  sr/2. T h is  a d a p ta t io n  ensures th e  co rre c t bou n d ary  c o n d it ion  in th e  case o f  th e  su rface- 
b reak in g  crack  s in ce  th e  b o u n d a ry  con d ition  o f  the fo rm e r  case (tp =  _ e _,fc( * sin <*)  ^ b e com es  ifr =  1 on
th e  crack  a t x =  0 w h en  0 =  ir/2 and the sign is ch anged .
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and H q1^  is the zeroth order Hankel function of the first kind. As a consequence of the choice 
of co-ordinate system the z co-ordinate in (2.54) is implicitly negative. The other corner in 
this problem (defined by z = 0,2 < 0 and 2 =  0,z < 0) is a mirror image of the first and 
provides the same contribution to the impedance.
2.3.1 W iener-H op f Solution for Eddy-Current Scattering by a Surface- 
Breaking Crack
For a two-dimensional system such as that shown in Figure 2.9, in which a uniform incident 
field is applied to a surface-breaking crack, image theory is applicable for all orders of k . This 
means that the half-space problem can be converted into a whole-spa.ee problem by reflecting 
the conducting half-spa.ee in the plane z = 0. Upon reflection, the strip occupies 2 = 0, 
—oo < y < oo, |z| < d and the magnetic field incident on the crack is given by
A j e~iks z < 0
V>(t) = { (2.56)
{  —eikz z > 0
and the boundary conditions for the scattered magnetic field in the plane of the crack are
1 — e~tkz —d < z < 0
0<*>(O,z)= <
dip(sK 0,z)
(2.57)
-(1  -  eikz) 0 < z < d
= 0 \z\> d. (2.58)
dx
The magnetic field is odd with respect to z so that the boundary condition on the air- 
conductor interface (^/s)(2,0) = 0) is satisfied. The electric field is, consequently, even with 
respect to z. As in the calculation for the subsurface crack, the bilateral Laplace transform 
is used to transform the Helmholtz equation for the scattered magnetic field into a complex 
variable equation, the solution of which ma.y be written as in (2.17):
« ( * , « )  = ^(«)e*'"W, (2.59)
where K =  \/.s2 + k2 is assumed to have a positive imaginary part. The solution $ (k, s) is 
now written as the sum of functions whose regions of regularity are known:
$ (2 , s) =  $+( 2 , s) + $ _ ( 2 , s) + $0(2 ,3), (2.60)
where
$ 0(2, s) = $ 04.(2 , s) + s) (2.61)
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W.
and
J°° ^ s\ x ,z ) e ~ sz dz (2.62)
[~d ^ s\ x ,z ) e ~ sz dzJ—00 (2.63)
f  V>W (*,*)«-" dzJo (2.64)
j  z )e~sz dz. 
J  ~ d
(2.65)
regular for 0 > —ki and a < k{ respectively. The
functions ,$,o+ and ’Fo- (and therefore) are regular over the entire 5-plane. This is seen 
clearly from their explicit forms which are found by inserting the boundary values for the 
scattered field into (2.64) and (2.65):
/ 1  eikd \ i  i
* 0+ ( < M )  =  -k ) - - s + — k * 2 -6 6 >
(i pikd \ i i+  *2'671
The odd nature of the system with respect to z is reflected in (2.66) and (2.67) since 
$ 04.(0,$) =  — $o-(0, — 5). The bracketed terms originate at the crack edges at z — d and 
s = — d respectively. The remaining terms are associated with the corners at z = 0.
In parallel to the analysis for the subsurface crack, the procedure now adopted relates 
the Laplace transforms of the scattered field and its normal derivative in the plane of the 
crack through A (s ) which is then eliminated in order to obtain an equation containing only 
functions whose regions of regularity are known. Applying equations (2.61)-(2.65) to (2.59) 
gives
$4.(0, s) + $_(0 , s) + *o(0, s) = A (s ) . (2.68)
Define the inverse of the normal derivative of the scattered field in the crack plane by
9 ' ( x , s ) =  f ° °  (2.69)
J—oo UX
and note that $ '(2 ,5) is continuous away from the crack. Applying (2.69) to (2.59) gives
[$o(®, s)h=o  = 2*kj4(s), (2.70)
where
[ ^ o ( 2b  5) ] x =0 =  $ o ( * * b  ^ ) | x = 0+ ^ 0(^ 5 ^ ) | x = 0_ *
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Eliminating A(s) from (2.68) and (2.70) and multiplying throughout, by e~sd/y/s -  ik gives
e-sd
2 iVs +  i k e - sd[ q + (0 ,s )  +  ^_(0 ,s ) + tfo(0,s)] = - 7= = = [^(a?>g)]a=0. (2.71)
y/s — ik
The right hand side of (2.71) is regular in the half-plane cr > — the factor e~sd has 
been introduced to ensure algebraic behaviour as s —> oo in the positive half-plane. Algebraic 
behaviour is necessary in order that Liouville’s theorem (page 30) can be applied. The 
function y/s + ik e ~ sdty - (0 ,s )  is regular and non-zero in the half-plane a <  k{. It is possible 
to split the function y/s + ik e~ sd['ff+(Q,s) + ^o(0,s)] into the sum of two functions regular 
in right and left half-planes respectively. The procedure is described in Appendix B and may 
be applied since both \P+ and 4/o are regular in the strip <r < |c|, where c is chosen to be less 
than k{. Introducing functions X +(s) and Ar_(s),
%/s +  ik e sd[5r#.(0,5) -f ^ 0(0,5)] = A^.(5) + X_(s), (2.72)
where
1 r —c+ioo  / j,. 1 ZU
A+(s) =  ~ x —. --------- [^+(0,w) +  $o(0,w)]e~ud du a >  - c  (2.73)
•A7T % J —q—ioo S
1 rc+ioo A ,  1 AL
X_(s) = —  / y  Z.[$+(0, u) + >?o(0, u)> <r < c. (2.74)
i K l  Jc—ioo tl S
Equation (2.71) may now be rearranged so that one side of the resulting equation is analytic 
for u >  —k{ and the other is analytic for a <  kp
—sd _________
—7 a== [^o(a;,g)]a,-o — 2iA+(s) = 2i\/s +  ik e~ sd^ - ( 0 , s )  + 2 iX ~ (s ) . (2.75)
y/s — ik
By the standard Wiener-Hopf argument, both sides of this equation are equal to an entire 
function which is zero according to the extended form of Liouville’s theorem. From the right 
hand side of (2.75) the following relation is obtained
e - ‘d9 - ( 0 , s )  =  ~ A = -  (2-76)y/s -f- ik
In (2.76) the solution for $_(0,s) is expressed as an integral involving ^ (O ,s ). The odd 
nature of i/>(s) with respect to s, which means that $ is odd in s, may be exploited by 
substituting — s for s in (2.76) and replacing \?_(0,,s) by -4/+(0,,s). This yields the following 
solution for \P+(0, s):
_________  1 rc+ ioo  . / v  1 XU
V 7 Z J k e sd9 + (0 ,s )  =  P ( s ) - J -  v  ^  9 + (0 , v ) e - ud du, (2.77)
2x Jc—ioo tl -j- 5
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where _____
P (s )  = f +'°° du. (2.78)
27T J c—too W +  6
An equivalent expression for $_(0,s) can be found but since $+ and $_ are simply related 
it is necessary to consider only one of them in detail.
Equation (2.77) can be solved in the high-frequency limit by an iterative process. This 
yields an asymptotic series solution for $+(0,s) which may be written
oo
$ + (0, s) = J2*+ )(°> 4  =  f +0)(°> 4  + ®+’'(°-s) + ®+'(°. *) +  •••> (2.79)
i=0
where
$ (i+i)
lim A + _  = (2.80)
k~* CO $ 0 )  V '
It is found that the two lowest order terms in the series are contained within P (s ) .  The 
third term is obtained in part from P (s )  and in part by substituting the lowest order term, 
$4^(0, s), into the integral of (2.77). Terms of higher order are obtained by substituting 
successive terms into this integral. The lowest order term represents the limit in which there 
is no coupling between the fields perturbed by the corners and edge of the crack. Higher order 
terms take account of any interactions which may occur between these perturbed fields. The 
first three terms in the solution are found in the following way. Substitute $o (the sum of 
(2.66) and (2.67)) into P (s )  to give
1 r**
P «  = " 2 ?  / • 27T J c -t
c+ io°  y / U + T k
u +  s
1 eikd. _ H i (  1 1 2
u u-\-ik \u +  ik u — ik u
1 eikd
+ e — — r  + U tK
f,ikd \
du. (2.81)+ e~2ud
u u — ik
It is found that the first two terms in P (s )  alone contribute to
V T T i k e ' dV l£ ) (0 ,8 )  =  - J -  f +‘“  + du. (2.82)
+ b '2* Jc-iv, u +  s \u u + t k j  K
A family of integrals of this type is evaluated in Appendix E. Using (E.23) and (E.26) gives
®<?>(0,z) = - e ~ sd ( - -  - A L )  + e->d (2.83)
 ^ ys s — ik J sy/s — ik
The term of next order in the series solution for $+ is found from the third, fourth and fifth
terms in P {s ) .
The relevant integrals are listed in (E.19), (E.20) and (E.25): 
®£>(Of •) = - e ikde-*<| ( - I j j .  +  - L - )  w i k ) d ) -
y/—2 ik
\/s — i k (s  -{- i k )
w
w — ik )d
V —Ik  
y/s — ik
w [ y/ ikd
{y^ikdtj
(2.85)
The third term, is obtained from the final two terms in P ( s )  and by substituting 
into the integral of (2.77). Simplification by cancelling terms yields
V7^7fce“ '$V2)(0,«) =  - - -  F
Z7T J  c*~z
;[ rc+ ioo y/u -j- ik  y / JJ k  _
2nd du. (2.86)
(tt + s) Uy/u  — ik
Approximate evaluation of (2.86) can be performed by noting that the value of the integral 
stems largely from the region of the branch point at tt = — ik .  At high frequencies, the branch 
at tt = ik  is sufficiently far from u  =  —ik  to allow use of the approximation y/u — ik  «  y/—2 ik .  
Making this approximation and using (E.25) gives
y/—ik
$£>(0 , * ) « -
g2 ilzdg—sd
y/2 i
w  ( i \ j ( s  — ik )2 d
y/s — ik
w (y/2JkXj (2.87)
The first three terms in the series solution for $+(0,,s) are thus given by equations (2.83), 
(2.85) and (2.87). The quantity of greater interest is, however, A(s), from which the solution 
for the scattered magnetic field in real space may be obtained. Define
i 4 + ( * )  =  $ + ( 0 , 5 )  +  $ o + ( ( M )
and A_(s) similarly so that
Then
where
A (s )  =  A + (s) +  A_(s).
A+(s) =  A (° \ s )  + +  • • -
= ^ o)(0,«) + f o+(0.ti. 
a £>(«) = » ^ (0 >S),
A f ( s )  = < 2) (0,s),
(2.88)
(2.89)
(2.90)
etc. From the summation of (2.66) and (2.83),
A ( % )  = ^ - 7 =
Sy/S — ik
_  I  q_ 1
5 s — i k '
(2.91)
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4_n)(s) oc enikd.
At high frequencies etkd —*• 0 and A+(s) «  A4 (^.s). Similarly A(s) fa A(°)(s) at high frequen­
cies, where A10)(s) is the lowest order term in the series solution for A(s).
It will now be shown that the lowest order term for the magnetic field obtained in this 
analysis is equivalent to the decoupled edge and corner fields, H e and 7/c, given by (2.52) 
and (2.54) respectively. From (2.89) and (2.91) it is found that
4<°>(s) = e-sJ- 7 2 =  + — !—  + - L t  - ~  +  esd — A E E = = .  (2.92)
sy/s — ik  s — ik  s + ik  s S y / - ( s - \ - i k )
The product A(°)(s)el*lrl is the bilateral Laplace transform of the scattered magnetic field 
in the high-frequency limit. The transform of the incident field in the plane of the crack has 
the form
/ OO
, z )e ~ sz dz
-oo
= - ( j h k + j h k )  - * < ' < * •  (2-93)
It is convenient to add A(°) and $W(0,s) together and work in terms of the total magnetic
field since the resulting expression is simpler. Adding (2.93) and (2.92), substituting into 
(2.59) and formally inverting back into real space via (2.14) gives
rc-j-ioo
From (2.91), (2.85) and (2.87) the ordering in the terms of the solution for A +(s) is clear;
A W )  = 2L £ .
„ s (z -d )  _  2 e sz +  ^s (2 + d )
sy/s — ik s 8y/—(s +  ik )
eiKW ds. (2.94)
The first term in (2.94) dominates as z —» d—, the second as z ft- 0 and the third as z ft  — 7+. 
This means that these terms may be associated with the decoupled fields at the edge of the 
image crack at z = 7, the corners at z = 0 and the edge of the crack at z = —d. Consider the 
first term in (2.94). Evaluation of this integral may be performed by employing a contour 
similar to that shown in Figure E.l since e~sU ~d) ft  0 as s ft  oo for z < d. Making the 
change of variable s =  - i u  — ik in order to integrate around the branch from s =  —ik 
reveals that the first term in (2.94) is proportional to e~lk(z~d). The third term in (2.94) 
may be treated similarly by closing the contour in the opposite half-plane and is found to be 
proportional to elk(z+d) . Both the first and third terms in (2.94) are, therefore, proportional 
to elkd as z f t  0. In the high-frequency limit elkd ft  0 which means that as z 0 the second
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term in (2.94) domina.tes.
1 r c + io o  e i«|a;|+s2
\ x , z )  &  r / ---------ds as 2 0. (2.95)
7n. Jc-ioo s
The integral in (2.95) can be rewritten in the following way[89]:
^ ° \ x ,  z) w 4 r  H ^ \ k V x 2 + u2) du. (2.96)$ Jo
This function is precisely of the form which occurs in the corner solution for the magnetic
field given by (2.54). Noting that the corner solution must be invariant under the operation
x <->■ z enables the full solution to be deduced from (2.96):
J>(°\x, z ) & —i [  Hol \ky/x2 + u2) d u +  [  H q ^ ( k j u 2 +  z2) du 
Jo Jo
(2.97)
which is identical to (2.54). It has been shown that when z —5- 0 in the high-frequency limit, 
yields the corner solution (2.54) found using image theory. Next let z —*• d— in (2.94). 
By the same argument as before, the third term is proportional to which tends to
e2ikd ag z £ an(j js? therefore, negligible in the high-frequency limit. Putting z =  d in the 
second term in (2.94) means that the integral must be evaluated by closing the contour in 
the negative half of the 5-plane. Making the change of variable s = — iu + ik shows that the 
corner term becomes proportional to elkd in the high-frequency limit and is also negligible as 
z —*■ d. The first term in (2.94) dominates as z - *  d— and by a parallel argument the third 
term dominates as z —* — These terms are the Laplace transforms of the Sommerfeld 
solutions for scattering of a uniform incident field by half-planes with edges at z — d and 
z — —d respectively and with the boundary conditions of this problem. As 2 —> —d+,
I'C+iOO y/—ik
Ic—ioo 5 -\J—(5 -f- ik )
which is the Laplace representation of (2.52). This concludes the demonstration of corre­
spondence between the Wiener-Hopf solution for the field in the region of a surface-breaking 
crack and that obtained elsewhere. It remains to evaluate the change in impedance due to 
the presence of the crack in the high-frequency limit.
2.3.2 Impedance Calculation
The expressions for the magnetic field near the edge and corners of the crack, given by (2.52) 
and (2.54), will be used to calculate the contributions to the impedance change due to the
*  (a’-' 2™ I.™ s j - ( r + i d  1 ( asj
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presence of the crack in the high-frequency limit according to (2.51). It will be shown that 
the crack edge has an effective range of a few skin depths in perturbing the electric field on 
the crack faces. This means that, when the perturbation due to the corners is ignored, the 
fields are uniform on the faces of the crack beyond approximately 28 from the crack edge. It 
is the uniform part of the field which gives rise to Z j  in (2.51). By retaining this uniform part 
of the field and integrating the Poynting vector over the two faces of the crack, Z/ and Z e can 
be calculated together. (The effect of the corners is ignored in this part of the calculation). 
The impedance will be calculated using (1.46). In order to calculate Z/ and Z e only the 
second integral in (1.46) is required:
I \ Z ,  + Ze) =  - 2 H 0 ' £ k (0+,z) dz, (2.99)
where E ez is the z-component of the electric field scattered by the edge and faces of the crack. 
The integration is performed twice over the crack face at x =  0+ for convenience. This is 
equivalent to integrating over the two crack faces separately. The electric field can be found 
from (2.52) via (1.13).
On the faces of the crack it is found that
dH e(x ,  z ) _  1 dH e( r ,0 )
dx z +  d dd
Using this approximation, equation (2.47) and the following relation[4]
-2
w (z ) = 2e~z -  w (—z), 
the electric field on the crack face can be found from (2.52):
E ez( O^ ., z) — ikHc erf i\Jik(z -f d) +
y/P \Jik(z T  7)
For large (z + 7), in practice greater than approximately 25,
£ „ (0  +,£) = —
(2.100)
(2.101)
(2.102)
(2.103)
since erf (—i\Jik(z +  7)) f t  1 and etk(z+d) jy/ ik (z  -f- 7) —*• 0 as (z 7) ft  00. The field given 
by (2.103) is the uniform part of the field referred to earlier and gives rise to Z/. Substituting 
(2.102) into (2.99) gives
1 f H q \ 2 f 0 . . .  f  . (  . r r .  7 \  i eik(zJr<9
Z, +  Z e -  a(  /° )  f i 2 i k  erf (  + +  ^  ^
k(z + 7)
dz. (2.104)
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Z ,  + Ze = - i  ( y j  (2ikd — 1) ( l  -  +  . (2.105)
The change in the normalised values of the real and imaginary parts of Z j  -f Z e with d are 
shown in Figure 2.10. It can be seen from the Figure that the gradient of Z j  + Z e becomes 
proportional to d for d/8 greater than about 3/2. This may be shown from (2.105) since when 
\kd\ is assumed large, etkdw(y/ikd) «  0 and y/ikdetkd «  0. Substituting these approximations 
into (2.105) gives
Z] + Z« = - i  (/y )  [2ikd~ !]• (2-106)
The straight lines in Figure 2.10 are extrapolations of the limit to which Z f  -f Z e tends as 
d increases. It can be deduced that the crack edge perturbs the field on the faces up to a 
distance of d/8 «  3/2 from the crack edge.
It remains to calculate Z c. The impedance change will be calculated for one surface of 
the corner only (a: =  0, z < 0) since the contribution from the other surface is identical. The 
electric field on the surface under consideration must be found. Using (1.13) the electric field 
near the crack corner, E cz, is found from (2.54):
The integral in (2.104) can be evaluated by the change of variable u = — iy/ik(z + <f), giving
£ „ (0 +,s )  = -  —<7 (2.107)x=0.f.
The above may be manipulated by noting that the integral satisfies the Helmholtz equation 
and that as a consequence
I = ' h j / H ° ) (k'/u2 + x2) du
= -  f-p -  + k2\ £  H ^ k V u 2 + x 2) du. (2.108)
Substituting (2.108) into (2.107) gives
•1,2 TT pv
£ « (0 +, j ) = ------  (2.109)
<7 JO
which can be evaluated to give an analytical expression for the tangential component of the 
electric field at the air-conductor interface[13]:
E cJ 0 + .  z )  =  + |[W0(* 4 ® (1)(* 4  -  « i(* * )A 'o l ) (k * )]} (2.110)
where "Hi is the Struve function of ith order. The tangential component of the electric field 
at the conductor surface, E x(x , 0), would be obtained simply by replacing z by x in the right
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Figure 2.10: Dependence of Zy +  Z e on crack depth d. Real and imaginary parts of Zy +  Ze, 
normalised with respect to the impedance of an uncracked conductor, are shown by the upper 
and lower curves respectively. The straight lines are extrapolations of the limits to which the 
real and imaginary parts of Zy +  Z e tend as d increases.
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hand side of (2.110). As with the perturbation of the fields by the crack edge, the field 
perturbation by the corners has a finite range, which is also of the order of a few skin depths. 
It can be shown that, sufficiently far from the corner, the field value approaches that of the 
incident field. From (2.109),
lim £ « ( 0+, z) = f ° °  jg £ \ k u )  du =  (2.111)
z-ioo a Jo cr
Evaluating the integral in (2.111)[13] gives the value of the incident electric field on the 
conductor surface, ikH 0/cr. In practice the field is close to this constant value beyond ap­
proximately 3<5 from the corner. In order to calculate Z c the perturbed part of the field alone 
must be considered. This is achieved by subtracting (2.111) from (2.109) to give
£<f>(0+, z) =  - ' E J k  r  f fW (k u )  du (2.112)
<7 Jz
Equation (2.112) gives an expression for the tangential component of the scattered electric 
field along one semi-infinite surface (x  = 0, £ < 0) of a corner-like conductor. Integrating the 
Poynting vector formed by (2.112) and the total magnetic field along this surface provides the 
contribution to the impedance change by only one boundary of the corner. The impedance 
change due to the entire corner would be found by multiplying the result for one face by 
a factor of two. Since in the case of a surface-breaking crack there are two corners, the 
impedance change due to one boundary is multiplied by a factor of four to find Z c. Integrating 
the Poynting vector over the crack face at x = 0+ and multiplying by four gives
Zc = i  ( f  ) 24,:*2 f j - H ^ d u d ,  (2.113)
The limit of integration over the crack face is made infinite for mathematical convenience
even though the crack itself is finite. This is permitted since the scattered part of the electric
field on the crack face is very small beyond approximately 38 from the corner. Evaluation 
of (2.113) becomes tractable when the following representation of the Hankel function is 
used [89],
H o \ a )  = A [ ° °  e!0rcosht dt, (2.114)
Kt J—co
where the path of integration is a hyperbola in the complex plane. Substituting this form 
into (2.113), changing the order of integration with respect to u and t and integrating with 
respect to u yields
1 /H q\ 2 4ik eikzcosht
The evaluation of (2.115) is straightforward when the order of integration is changed. The 
result is
(2-116)<T I  /
Equations (2.106) and (2.116) together give the total impedance change for a crack of depth 
greater than four or five skin depths (the sum of the effective ranges of influence of the edge 
and corners of the crack) in the high-frequency limit:
AZ = - i  ( ? f f 2ikd -1-1—7T (2.117)
The first term in (2.117) may be thought of as being the contribution from the faces of the 
crack since it depends on their combined length, 27, and otherwise looks like the impedance 
per unit length of a plane conductor surface. The second term embodies the effect of the 
presence of the crack edge and the third the effect of the corners. These latter two agree 
with terms used by Muennemann et. g 7 . [ 8 2 ]  in calculating an approximate expression for the 
impedance of an open, surface-breaking crack (1.0 and -2.56 respectively).
The real part of the impedance change is given by
„  „  1 /H0\ 2n [7 1 4'
ReAZ = -  ( ^ 1  2 -  + - - - (2.118)a \ I  J
It can be seen that the edge and corners effectively reduce the depth of the crack by 
(1/2 —4/7r)5. This improves upon the value of —0.785 calculated numerically by Kahn et. 
a/.[61, 62].
In this section a number of analytical results have been presented which were formerly 
found numerically. In equations (2.102) and (2.110) expressions for the electric field on the 
conductor surface near the edge and corner of a. perpendicular surface-breaking crack in a 
normally incident, uniform electric field are given. The results are valid in the high-frequency 
limit in which the fields perturbed by the crack edge and corners are effectively decoupled. 
The exact values of the contribution to the change in probe impedance due to the presence 
of the crack edge and corners are given in equations (2.106) and (2.116), enabling the total 
impedance change due to the presence of the crack to be given for a crack of depth greater 
than four or five skin depths (equation (2.117)).
In principle it is possible to find, from the series solution provided by the Wiener-Hopf 
analysis, higher order terms in the expression for the impedance which account for multiple 
scattering which occurs when the edge and corner fields are not completely decoupled. In
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practice the higher order terms provided by this analysis are difficult to manipulate analyti­
cally. For this reason, and since a more practical method for dealing with interaction terms is 
developed in the following chapter, the higher order terms given by the Wiener-Hopf analysis 
will not be considered in further detail.
2 .4  O p e n  C ra c k s
The cracks in the problems considered so far have been assumed to exhibit ideal behaviour, 
having infinitesimal opening and yet forming a perfect barrier to the flow of electric current. In 
practice, the opening of the crack is often finite, particularly in the experimental environment 
in which machined slots are commonly used. In these cases the finite width of the crack makes 
a significant contribution to the measured change in probe impedance. For this reason it is 
desirable to treat the effect of the crack opening theoretically in a rigorous way and obtain 
an expression for the change in impedance due to the crack which takes account of the crack 
opening.
The two-dimensional calculation for the open subsurface crack may, in principle, proceed, 
in a fashion similar to that for the closed subsurface crack (Section 2.2). The crack may 
be regarded as a semi-infinite barrier to the flow of current, located sufficiently far below 
the conductor surface so that tlie scattered field on the air-conductor interface automatically 
satisfies the boundary condition there approximately. The problem then becomes a question 
of matching the boundary condition on the crack (zero total magnetic field) when a uniform 
incident magnetic field is applied.
A detailed treatment, via the Wiener-Hopf method, of an equivalent optical problem is 
given by D. S. Jones[57]. Two distinct cases in which the only component of the electric 
intensity is either parallel or perpendicular to the long dimension of the problem (in this 
case the /^-dimension) are considered. The former case is that which exhibits boundary 
conditions useful in this eddy-current application. For a crack of opening «, the form of the 
exact solution can be found for any a, but involves constants which satisfy an infinite set of 
equations. The accuracy with which these constants are found determines the accuracy with 
which the boundary condition on the flat end of the crack is matched. In the limit in which 
the crack opening is much smaller than the electromagnetic skin depth, i.e. ka <C 1, the 
infinite set of equations can be solved approximately with fair accuracy. Interestingly, it is
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Figure 2.11: The optical problem of a plane wave impinging on a semi-infinite barrier of finite 
width.
found that the field distant from the crack is the same as that from a semi-infinite waveguide 
of width a but projecting a distance 0.11a beyond the true end of the crack.
Immediately, because of the complicated nature of the solution, it is clear that this analysis 
will only be of use in situations in which the crack opening is much less than the skin 
depth. For the optical problem shown in Figure 2.11, where the incident field is given by 
ipb) = g—*k(a; sin<M*z cos tf>) ^  approximate result for the scattered field is of the form
= Sommerfeld solution + term in (ka). (2.119)
As mentioned previously, the optical angle <f> has no real physical significance in eddy-current 
theory but by putting <p — 0 in the optical calculation the appropriate eddy-current solution 
is obtained. Putting (p = 0 in the full form of (2.119) reveals that the term in ka vanishes. 
This means that the solution for the open, subsurface crack in the limit in which ka <  1 is 
identical to that for the closed, subsurface crack, given by (2.40), up to first order in ka. It 
is likely that the a-dependence will emerge at second order (i.e. there will be a finite term in 
(ka)2), but the intractable nature of the solution renders further analytical progress difficult. 
It must be concluded that, for a crack whose depth below the conductor surface is greater 
than 8 (in which case the boundary condition on the air-conductor interface is met to within
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Figure 2.12: A conducting half-space containing a surface-breaking crack with finite opening.
5% accuracy, see Figure 2.3) and whose opening is much less than 5, the effect of the opening
is unobservable.
The open, surface-breaking crack is also a candidate for treatment by the procedure of
D. S. Jones’s thick plate analysis since, in the limit in which the fields perturbed by the base 
and corners of the crack are decoupled, the fields near the base of the crack may be treated 
as though the crack extends to infinity. The geometry of the system is shown in Figure 2.12. 
The impedance change due to the presence of the crack can be calculated by integrating the 
Poynting vector formed from the cross product of the total electric and magnetic fields over 
the surface S and subtracting the impedance of an uncracked conductor. In practice, for the 
surface-breaking crack, this means integrating the cross product of the scattered electric and 
total magnetic fields:
I 2A Z  = J  E(s) x H.n dS. (2.120)
The surface 5 is chosen in this two-dimensional calculation to be the line z — 0 and is shown 
in the Figure. Taking advantage of the symmetry about x — 0, (2.120) may be written
Jroo ra/7
1 (E (s) x H )s=0.z dx + / (E(s)x H ) , =0.z dx. (2.121)
a/2 J—a/2
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(-d, -a/2) (-d, a/2)
Figure 2.13: Path of integration around the closed curve, C.
In order to evaluate the second term in (2.121) it is helpful to use the integral form of 
Faraday’s Law and integrate around the surfaces of the flaw, since E(4 is not known on 
|z| < a/2, z = 0. Consider the line integral around the closed path C, shown in Figure 2.13. 
Let dl be a path element on the contour. Then
E.dl = 2 / Ez\x=a/2 dz +  f Ex\z—-d dx + f E x \z=o dx. (2.122)
Jc  j - d  J-a/2 J-a/2
Using Stokes’s theorem and (1.12) it is straightforward to show that
i
E.rfl = 5 2 * * * .  (2.123)
C  <7
Substituting (2.123) into (2.122), rearranging for the integral across the crack mouth and 
substituting into (2.121) gives
/•oo /-O ra/2 rr2/„2 „ .1
I 2A Z  = 2HqI 4 s)l--=0 dx -  2H0 I4 4 L=./J 4 s)L=-/ dx +  -.
Ja/2 J-d ' J-a/2 °
(2.124)
Equation (2.124) reduces to (1.46) for the closed, surface-breaking crack when a —* 0. In the 
limit in which the edge and corner perturbations of the field are decoupled, the first term on 
the right hand side of (2.124) can be treated by using the solution for current flowing in the 
corners of the conductor at the crack mouth (2.54). The second term in (2.124) contributes 
to A Z  via the scattered field on the crack faces, which consists of the corner perturbation,
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the uniform current flow over the crack faces, and the perturbation due to the crack base. 
The third term in (2.124) provides a further contribution to the impedance change due to 
the crack opening. The final term in (2.124) is a ‘volume term’ and is the most significant 
of the terms which depend on the crack opening. This term has been used in a number of 
eddy-current calculations[32, 82]. By analogy with (2.51), A Z  may be broken down into the 
following components:
A Z  = Zy -f- Z c + Z'e +  Z b +  — ^ a d ,  (2.125)
The contributions from the faces and corners of the crack, Zy and Z c respectively, are identical 
to those for the closed surface-breaking crack and have already been evaluated (Section 2.3.2). 
The term Z'e is similar to the edge term for the closed crack, Z e, but modified to take account 
of the effect of the crack opening on the perturbed fields on the faces of the crack near its 
base. This modified edge term is found by evaluating the second term in (2.124) for is the 
electric field perturbed by the base of the crack alone. Finally,
ra/2
z b = ~ H 0 / E x \z=-d  dx (2.126)
J-a/2
is the impedance contribution from the base of the notch itself. In this formulation, the 
problem of the open, surface-breaking crack reduces to that of finding the unknown terms Z'e 
and Z b. The asymptotic form of Z'e is expected to be
Z'e — Z e +  term in (ka), (2.127)
where Z e is the edge contribution to the impedance change from the closed, surface-breaking 
crack. Naturally, Z'e —* Z e as a —r 0. Similarly, to lowest order in ka it is expected that
Z b — term in (ka) (2.128)
so that Z b —■► 0 as a —*■ 0.
In order to find Z'e and Z b, an asymptotic expression for the field near the base of the 
crack is required. Unfortunately, Jones’s solution is not amenable to asymptotic ordering 
of the field, in particular since the expression for the field involves terms K p  and Kjq (in 
Jones’s notation) which are functions of the complex variable s and involve infinite products. 
These terms are regular in positive and negative half-planes of the complex plane respectively 
and arise in the decomposition procedure which is characteristic of the Wiener-Hopf method.
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Their exact forms are derived in previous work[50, 51]. Additionally, should the ordering 
of the solution for the field ultimately prove possible, a question remains over the ease of 
inversion from the complex plane back into real space.
Summary
It has been possible to show that, for a subsurface crack at a depth of the order of 8 or more 
below the conductor surface, and of opening a <C 5, the effect of the opening is unobserv­
able at order ka. The form of the solution for the magnetic field found by the method of 
D. S. Jones[57] in the case of an open, surface-breaking crack has proved unsuitable for the 
eddy-current problem since an asymptotic form for the solution near the crack edge cannot 
readily be found.
Solutions which prove more suitable for adaptation to the eddy-current open crack prob­
lem may emerge from an extensive search of the literature. For example, it may be possible to 
treat the open, surface-breaking crack as a waveguide of finite length[55, 93, 11*2] or as a slit 
in a thick, conducting screen[65]. From this investigation it can be concluded that obtaining 
terms in the expressions for the scattered field and impedance which depend on the crack 
opening to first order in ka via a rigorous method is certainly a non-trivial problem. For 
cracks whose opening is of the order of a skin depth, however, an adaptation of the theory 
of the following chapter might provide the brightest hope for calculating the effect of the 
opening in a self-consistent manner.
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C h a p te r  3
A  G e o m e t r i c a l  T h e o r y  f o r  
E d d y - C u r r e n t  S c a t t e r in g
The theory which will be developed in this chapter is of great interest since it has the power 
to deal with the multiple scattering of the electromagnetic fields which occurs between cracks 
and their images. The ability to account for multiple scattering allows calculation of the 
impedance change due to a subsurface crack to be carried out for cracks whose edges are less 
than half a skin depth below the conductor surface. This is a significant improvement on the 
impedance formulae of the previous chapter in which the edge of the crack had to be at least 
one skin depth below the surface of the conductor. There is a similar improvement in the 
case of the surface-breaking crack since the theory presented here enables examination of the 
regime in which the field perturbations due to the edge and corners of the crack are no longer 
decoupled. The impedance change due to a crack of depth as little as one skin depth can be 
calculated with good accuracy, compared with the depth of four skin depths required in the 
limit in which the fields are decoupled. The theory is simple to apply and has the potential 
for development and application to systems exhibiting a variety of geometries.
This theory of eddy-current scattering is founded on the Geometrical Theory of Diffrac- 
tion[GTD], first presented by J. B. Keller in 1953[66]. GTD has been extended and improved 
by many workers since its introduction, providing enough subject matter for a hook on the 
subject[53]. A number of useful publications were collected together in 1981 in a. volume 
which covers the development of GTD, the solution of canonical problems and practical 
applications[46]. Although the theory now contains many features that were not originally
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present, it remains common to call any procedure involving diffracted rays ‘GTD’. In partic­
ular, the uniform asymptotic theories[73] are becoming an integral part of GTD.
The line of development which the eddy-current scattering theory follows begins with 
Keller’s GTD[64, 67, 68], in which the diffracted field far from the scatterer can be found from 
the incident field by means of a diffraction coefficient. In 1967 J-S. Yu and R. C. Rudduck 
published a development of GTD which effectively modified Keller’s diffraction coefficient 
in such a way as to correct its major flaw; the singular behaviour of the diffracted field 
on the diffracting screen for an incident field parallel to the plane of the screen[114]. It is 
characteristic of work on optical diffraction that the region to which attention is given is the 
far-field region. This preoccupation with the far-field often renders adaptation to the eddy- 
current case (in which it is the near-field region which is important) difficult. The unique 
contribution of the work of this chapter is the modification of the theory of Yu and Rudduck 
in such a way as to make it suitable for application in the near-field region, thereby providing 
approximate expressions for the electromagnetic fields even on the crack itself. This enables 
assessment of the degree to which the calculated fields match the boundary conditions on the 
crack and from this information the range of validity of the theory can be determined.
3.1 T h e o r e t i c a l  D e v e lo p m e n t
A brief review of the relevant parts of Keller’s theory opens this section. The modifications 
which are necessary in order that the theory may be applied to eddy-current scattering are 
then introduced.
3.1.1 Geometrical Theory o f Diffraction
The Geometrical Theory of Diffraction is essentially an extension of geometrical optics, pro­
viding conventional ray theory with the power to deal with diffraction effects. This is achieved 
by introducing new rays, known as diffracted rays, which are produced when incident rays 
hit an edge, corner or vertex of a boundary surface. A field is associated with each diffracted 
ray in a quantitative way by means of the optical principles of phase variation and energy 
conservation. It is postulated that the total field at a point is the sum of the fields on all 
rays through that point. The phase of a field on a ray is proportional to the optical length 
of the ray from some reference point at which the phase is known. Diffraction coefficients
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are determined from certain canonical problems and relate the field on a diffracted ray to 
that on a corresponding incident ray in a simple way. The diffraction coefficient is analogous 
to the reflection and transmission coefficients of geometrical optics. The close relationship 
between this theory and that of geometrical optics naturally implies that the theory is valid 
only when the wavelength is small compared with a characteristic dimension of the problem.
Fundamental to GTD is the determination of the diffraction coefficient. Its exact form 
depends on the source of diffraction, whether it is an edge or a vertex, etc. All diffraction 
coefficients vanish as the wavelength of the field tends to zero, causing the diffracted field to 
vanish leaving only the geometrical optics field. This behaviour is expected since diffraction 
is usually attributed to the fact that the wavelength is non-zero.
Consider the situation in which a ray is diffracted by a straight edge, such as the edge of a 
screen. For simplicity the medium is assumed homogeneous so that the ray is a straight line. 
If the incident ray hits the edge of the screen obliquely, it gives rise to a cone of diffracted 
rays, each of which makes an angle with the edge at the point of diffraction equal to that of 
the incident ray, but lying on the opposite side of the plane normal to the edge at the point of 
diffraction. In the two dimensional case, both the incident and diffracted rays lie in a plane 
normal to the edge, the diffracted rays emanating from it in all directions. Diffracted rays 
produced by obliquely and normally incident rays are shown in Figure 3.1.
Let the incident field at the point of diffraction be defined by
«t0| =  ft.)| e*' v(i\  (3.1)
Id Id
where and are the amplitude and phase respectively. The vertical bar and
d d
subscript, d, indicate that the value of the function at the point of diffraction should be 
taken. Let the propagation constant k be defined by
k -  —A ’
where A is the wavelength, and let r denote the distance from the point of diffraction. 
The forms of the amplitude and phase of the diffracted ray may be found by the follow­
ing reasoning6. Tlie amplitude of the diffracted ray, A, is assumed to be a scalar proportional
to . For a ‘tube’ of two diffracted rays which lie in the same plane normal to the
6 A  m o re  d e ta ile d  vers ion  o f  th e  d e r iv a t io n  o f  th e  fo rm  o f  th e  a m p litu d e  o f  th e  d if fra c te d  ray  is g iv e n  by 
K e lle r [6 7 ].
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normally incident ray
obliquely incident ray
Figure 3.1: Diffraction of rays obliquely and normally incident on the edge of a screen.
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diffracting edge, the cross-sectional area of the tube is proportional to r  and the flux through 
it is proportional to r A 2. Since the flux must be constant, A  cc 1/%/r* The amplitude of the 
diffracted ray can, therefore, be written
A  = D-
V? ’
where the constant of proportionality, D, is the diffraction coefficient. The phase of the 
diffracted ray is simply + kr. The diffracted field, u(d\ can now be related to the incident 
field at the point of diffraction in the following way:
i ( <^ °|j+^r) pikr .
uW  =  D A & \  —  = ■ (3.2)
\d y/r y/r \d v '
The diffraction coefficient is determined from the exact solution for diffraction of a plane scalar 
wave by a half-plane. Equation (3.2) agrees with the asymptotic expansion of Sommerfeld’s 
solution for large kr for
e iir/4 /  i  i  \
^  2V'2ttk \cos \(9 -  4>) ^ cos |(9 + </>)/ ^  ^
The angles 9 and 4> are those made by the diffracted and incident rays with the plane of the 
screen. The geometry is shown in Figure 3.2. The upper sign applies for Dirichlet boundary 
conditions (u  = 0 on the screen) and the lower sign for Neumann boundary conditions 
(du/dn = 0 on the screen, where d/dn is the derivative normal to the screen). Diffraction 
coefficients for other diffracting bodies are determined from the exact solutions in a similar 
manner.
From (3.3) it can be seen that, for a situation in which Neumann boundary conditions 
hold on the screen and the incident field lies in the plane of the screen (i.e. cj) =  0), D  vanishes. 
The field scattered from one edge to the other cannot, then, be treated as being equivalent
to the field of a line source, since it would not interact with the second edge. The field must 
be considered as that due to a line dipole. The diffracted field is now written in terms of the 
normal derivative of the incident field evaluated at the edge of the screen:
(3.4)
dy/r d n
where the constant of proportionality, D \  is an appropriate diffraction coefficient. The form 
of the new diffraction coefficient can be derived by use of the following procedure which is 
commonly used in multiple scattering problems[64j. Seek a two-dimensional field u which
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incident ray
Figure 3.2: Rays incident on and diffracted by the edge of a screen.
satisfies the Helmholtz equation and has a non-vanishing normal derivative on the half- 
screen. For the incident field take a non-uniform plane wave travelling parallel to the screen 
and towards its edge. The simplest such field having a non-zero normal derivative on the 
screen is
(3.5)
This field can be expressed as the derivative of a plane wave with respect to its direction of 
propagation:
zk
^  f  —ik (x  sin <j>+z cos (j>)
deb V 4>~o
(3.6)
Now let v(<f>) be the solution for a half-plane problem in which the incident plane wave 
impinges on the screen at angle <f>. It follows from (3.6) that the solution u which we seek is 
given by
'dv(4>Y
u — —
. d<j>
(3.7)
i>=0
Applying (3.7) to the diffracted part of the field it follows that
and inserting (3.3) into (3.8) yields
(3.9)
which is the appropriate diffraction coefficient for a screen exhibiting Neumann boundary
conditions with the incident field lying in the plane of the screen.
Equations (3.2) and (3.4) provide a prescription for calculating the field diffracted by
diffraction. The expressions obtained are valid only in the far-field due to the asymptotic 
form of the diffraction coefficients.
3.1.2 Near-Field Scattering
The contribution made by Yu and Rudduck to wave scattering theory[114] is important in 
tlie development of the theory of eddy-current scattering. They observed that interactions 
between the edges of strips, for example, can be treated by using a diffraction coefficient 
which ensures matching of the Sommerfeld solution for diffraction by each edge not only in 
the far-field but close to the scatterer as well. This modification allows calculation of the field 
scattered by strips much narrower than those allowed by Keller’s GTD. The matching of the 
Sommerfeld solution in the near field was achieved by defining a diffraction function which 
incorporates the radial, as well as the angular, dependence of the diffracted field. While Yu 
and Rudduck’s theory for scattering by a strip improved on Keller’s GTD in the respect 
described, the region of interest to them was also the far-field region and they failed to take 
advantage of the fact that their theory may readily be extended to cover the near field. In 
eddy-current theory it is the near field which is of interest and in what follows the natural 
near-field extension to Yu and Rudduck’s theory will be exploited.
The modified form of (3.2) is written
an edge from the value either of the incident field or its normal derivative at the point of
u{d) — ub) (3.10)
where is again the value of the incident field at the point of diffraction and I i  is the
modified diffraction function. In the case of diffraction by the screen of Figure 3.2 exhibiting 
Dirichlet boundary conditions, for example,
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The function K  is nothing other than the exact solution for scattering of a plane wave 
at a semi-infinite half-plane as given in equation (D.16) in Appendix D. The fundamental 
assumption implicit in (3.10) and in any GTD-like formulation is that the form of the incident 
field has no bearing on the form of the diffracted field, which is dictated purely by the type of 
diffracting body. The value of the incident field at the point of diffraction ( wb) jn (3.10)) acts
id
merely as a scaling factor. A diffracted field given by (3.10) and (3.11) will, by construction, 
agree with that given by (3.2) and (3.3) for the same system in the limit in which kr is large. 
For a semi-infinite screen exhibiting Dirichlet boundary conditions, this agreement may be 
demonstrated by approximating w in (3.11) by its asymptotic form, found to be[2, 5]:
e-tV/4
w(Viz) i_ _1_____ Si___ 15_
 ^+ 2z3 4z5 8z~ +  ’
3k
z —r oo, j arg# < — . (3.12)
Using the first term in (3.12) to approximate the functions in (3.11) gives agreement with 
(3.3). The far-field expressions for the diffracted field given by Keller’s and Yu and Rudduck’s 
methods are, therefore, identical.
The diffracted field in the case in which the incident field lies in the plane of a screen 
exhibiting Neumann boundary conditions may be found from the modified form of (3.4):
uW  =  I i
d u ^
dn
(3.13)
where dub)/dn\d is the normal derivative of the incident field at the diffracting edge and 
IV  is the appropriate diffraction function. Equations (3.10) and (3.13) form the basis of the 
geometrical theory of eddy-current scattering and will be applied in detailed calculations for 
the subsurface and surface-breaking cracks in the following two sections.
3.2 S u b s u r fa c e  C r a c k
3.2.1 Field Calculation
Consider a half-space conductor which contains a deep crack whose edge lies a. depth h below 
the surface of the conductor. The boundary condition for the scattered magnetic field on the 
surface of the conductor will be matched by introducing an image of the crack as shown in 
Figure 3.3. As explained in the previous chapter, the magnetic field is odd in £ in order that 
the boundary condition on j  =  0 (zero scattered magnetic field) is fulfilled. The incident
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incident field
Figure 3.3: A subsurface crack and its image. P  denotes the position of an arbitrary field 
point.
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magnetic field in each conducting half-plane is
f e~ikz z < 0
V->(0 =  < (3.14)
I — etkz z > 0,
which implies that the excitation is due to a current sheet at z = 0, and the boundary
conditions for the scattered magnetic field in the plane of the crack are
* M ( 0 , , ) = { T “ * (3.15)
=0  h. (3.16)
The diffraction functions for the lower and upper edges, K\ and K 2 respectively, are defined
as follows:
eikri
1 n> I ** z < —h
eikz z >  h,
 0 Izi < 
K2{r2y 02, <p2) =  -
w (^y/'likri cos i(^ i + 01 + w ( y 2 i k r x cos ^ (6>i -  <f> 1 )^
G
w (^-y/2 ik r2 cos ~-(02 + 4>2) Sj  +  w (^/'2ikr2 cos i ( 02 -  <£2)^
(3.18)
The differences between Ii\ and I ( 2 arise purely from the choice of co-ordinate system with
respect to the upper and lower cracks. In the first instance, consider fields scattered only
fs)once from each edge. The singly scattered field will be denoted by tps , the subscript, s, 
indicating single scattering. Then let
= i ’ls +  ^2?
where, from (3.10) and (3.14),
4 s)  =  eikhl u ( r l ,8u 0) (3.20)
and
$ )  = - e ikhK 2( r 2,02,ir) ( 3 . 2 1 )
are the fields singly scattered from the lower and upper edges respectively. Adding (3.20) 
and (3.21) gives
=  9„ 0) -  K2(t2, 9s, tt)]. (3.22)
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Type Initial scattering Scatterings at each edge Final scattering
at edge number: Lower edge (1) Upper edge (2) at edge number:
A 1 7 1 + 1 n 1
B 1 n n 2
C 2 n 7 1 + 1 2
D 2 n 71 1
Table 3.1: The four distinct types of multiply scattered field.
Putting 4>i =  0 and = it in Aft and Aft respectively7 means that the first term in (3.22) 
provides a perfect match with the boundary condition on the lower crack and, similarly, the 
second term matches the boundary condition exactly on the image of the crack. There are, 
however, finite contributions from the first term in (3.22) on the crack image and from the 
second term on the crack itself. These serve to provide a deviation in from the required 
boundary values given in (3.15). The deviation from the boundary condition of the scattered 
field on the crack can be minimised by considering the multiple scattering which occurs 
between the edge of the crack and its image. Using the terminology of optics, a ray may, for 
example, be diffracted by the lower edge and then by the upper edge before passing through 
a particular field point. Indeed, multiple scattering may occur infinitely many times. It will 
now be shown that all multiple scattering can be accounted for and the resulting infinite 
series summed to give a simple expression for the total scattered field. This process has the 
effect of reducing the deviation of the value of the calculated scattered field on the crack from 
the required boundary value to a tolerable level for cracks whose depth below the conductor 
surface is as little as 0.4£.
The multiple scattering may be treated systematically in the following manner. There 
are four distinct ‘types’ of multiply scattered field. These are tabulated in Table 3.1. The 
rays in the Table are only multiply scattered rays (the singly scattered rays are considered 
separately) which means that n must be at least unity. It is clear from the Table that the 
distinguishing features of each type of ray are its points of initial and final scattering. Two 
scattering edges give rise to four types of scattered ray, therefore. All multiple scattering
'T h e  an g le  o f  in c id en ce  o f  th e  fie ld , <j>, is  o f  d ir e c t  ph ys ica l s ign ifica n ce  in  o p tic a l ray  th eo ry  w hereas , in  
th e  th e o ry  o f  ed d y -cu rren ts , i t  se rves  m ere ly  as a  d e v ic e  by w h ich  resu lts  o f  o p t ic a l th eo ry  can  be  a d a p ted  to  
th e  ed d y -cu rren t  case.
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can be accounted for by summing the four types of ray from n = 1 to oo. The fields at the 
various rays are given by
4>a = eikhK ^ (2 h ,0 ,0 ) iq {2 h , i r , i r )K 1( r 1,du 0)
4>b -  etkhKi(2h10,0)K2~l(2h,Ti/jr)K2(r2^ 2,7c)
ipc =  —etkhK i (2 h ,  0,0)K%(2h, it, Tr)K2(r2 ,02, ft)
=  ~etkhK™~1(2h, 0,0)/i^(2fr, 7T, 7 r ) / 7 1 ( r j ,  0).
Noting that
AT(2fr,0,0) = K 2(2h, 7r, ?r) (3.23)
enables the sum over all scattered fields to be written as follows:
y-M = —eihhKi(2h,0,0) [1 -  K,(2ft, 0,0)] [A ',(r„ 0,,0) -  02,*)] £  0,0),
n=l
(3.24)
where 'fim) denotes the multiply scattered part of the field. The series is a simple geometric 
progression whose sum is given by
OO -j
) =  T r ^ — — y(3.25)
Substituting (3.25) into (3.24) yields
* -  = - eikk T r S i S o )  T 7 u 0 u 0 )  -  K 2( t2, f t , , ) ]  ■ (3.26)
Comparing (3.26) with (3.22) reveals that the multiply scattered field has the same spatial 
form as the singly scattered field;
y is) = m i s\  (3.27)
where
_  - K / 2 I I ,  0,0) _  e2ikhw (V W d i )  2g.
1 + A'i(2fl,0,0) 1 -  e2ikhw (V A ik h ) ’
The scaling factor M  is sensitive to h and behaves as expected as h —*■ oo; ipm) dies away
rapidly. The total scattered field is simply the sum of the singly and multiply scattered fields:
) = + ^(j) = ( i  +  M ) 4 * \  (3.29)
Writing in its full form using (3.22), (3.17) and (3.18) gives
= —elkh( l  -f M )  etkrx w (^/2ikri cos -  elkr2w (^/2ikr2 sin (3.30)
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Figure 3.4: Absolute value of the total magnetic field on the subsurface crack with h = 0.4# 
and a) the scattered part of the field formed only by single scattering from the edges of the 
crack and its image, b) the scattered part of the field formed by considering all multiple 
scattering between the edges of the crack and its image.
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Figure 3.5: Comparison between the predicted absolute value of the scattered magnetic field 
(for which multiple scattering has been taken into account) on the subsurface crack, curve 
a), and the value required by the boundary condition, curve b). The two graphs, plotted 
for h = 0.10 and h =  0.28 respectively, demonstrate the reduction in the discrepancy as h 
increases.
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Figure 3.6: Absolute value of the total magnetic field (for which multiple scattering has been 
taken into account) on the subsurface crack for h =  0.4,0.6,0.8 and 1.0<S.
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It is obvious from (3.30) that ip ^  = 0 on z — 0 as required. In Figures 3.4-3.6 the behaviour 
of ip(s) on the crack itself is shown. In Figure 3.4 the absolute value of the total magnetic field 
on the crack calculated using the scattered field given by (3.22) only is compared with that 
calculated using the scattered field of (3.30), which takes into account all multiple scattering. 
The deviation from the boundary value on the crack (total magnetic field is zero) is quite 
severe, particularly at the edge of the crack, when only the singly scattered field is considered. 
Taking account of multiple interactions forces the field to zero at the crack edge, from which 
it rises to a peak before decaying along the length of the crack. The improvement in the 
match with the boundary condition once multiple scattering has been considered is evident. 
The deviation of the scattered magnetic field from its boundary value on the crack is shown 
in Figure 3.5 for cracks with h = 0.1# and h = 0.2<5. It is clear that the predicted result is 
pleasing even for h = 0.1 <5 and that the deviation from the boundary condition declines as h 
increases. The declination with increasing h is shown more clearly in Figure 3.6 in which the 
absolute value of the total magnetic field is plotted for several values of h. The smallest value 
of h shown (h  = 0.45) exhibits the largest deviation from the boundary value, the maximum 
occurring for z ss —1.28. This constitutes a maximum error of 4% in ipG) fOT h — 0.4<5; a 
tolerable error in eddy-current theory. It can be concluded that the result embodied in (3.30) 
is applicable for h of the order of 0.48 and greater. This subsurface crack theory will be 
concluded by calculating the crack impedance.
3.2.2 Im pedance Calculation
The impedance change due to the presence of the subsurface crack will be calculated using
(1.45):
2 /,-/l dtpG)
A Z = ! ( f )  / - > (0 dz. (3.31)2=0-4-dx
The scattered field is given in (3.30) in terms of radial co-ordinates which means that it 
is convenient to find the normal derivative on the crack face at x =  0+ in terms of these 
co-ordinates. As in (2.43),
dx
1 d V s)
*=0+ Zl’2
(3.32)
9\ ,2=77
where Z\ — z + h and z2 — z -  h. Applying (3.32) to tp^  given in (3.30) reveals that the 
normal derivative of the part of the field scattered by the image of the crack is in fact zero
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Ot/jG)
on the crack itself and
= (1 + M ) - V V E 2 i k - e £— . (3.33)
* = 0 +  V +T ftdx
Comparing (3.33) with (2.48) yields immediately that the impedance change due to an ideal, 
semi-infinite, subsurface crack whose edge lies a depth h below the conductor surface is given
by 2
A Z  = i  ( ~ £ j  2(1 + M ) e2ikh, (3.34)
where M  is given by (3.28). In (3.34) the result of Section 2.2.2, equation (2.50) has effectively 
been modified by the addition of a term
Z m =  i  ( :y ) 22M e m h , (3.35)
which represents the change in impedance due to multiple scattering of the field. The absolute 
value of Z m is plotted in Figure 3.7 for h >  0.45. From the Figure it is clear that the effect of 
multiple scattering is negligible for cracks whose edge lies approximately 1.55 or greater below 
the conductor surface. The small magnitude of the contribution Z m to the total impedance 
change for h =  8 confirms the validity of the result of the previous section (in which no 
multiple interactions were considered) for h >  8 to within 5% accuracy. The absolute value 
of A Z  as given by (3.34) is plotted in Figure 3.8 for h >  0.45. The increase in A Z  as h —> 0 is 
expected since the limit in which h — 0 implies an unbroken barrier to the flow of current, i.e. 
infinite impedance. The form of M  dictates that (3.34) tends to the correct limit as h —► 0. 
This is not true of the equivalent result of the previous chapter, (2.50), in which multiple 
scattering was not accounted for.
Finally, it is interesting to note from (3.26) that the field obtained by considering only 
single and double scattering is rather a good approximation to that obtained from the infinite 
sum. For most values of h , K\(2h, 0,0) <C 1 which means that
«  i>dS) = - e ikhKi(-2h, 0,0)[/fi(n,9„ 0) -  K 2( r 2, ft, ir)], (3.36)
where is the doubly scattered field. This feature is noted by N. Wang[110] who recognises
the advantage of the approximation in terms of digital storage and computational costs. To 
illustrate the point, the absolute values of the impedances Z m and Zd are compared in 
Figure 3.9 (Zd is the impedance due to the doubly scattered field). It is clear that \Zd\ is 
an underestimate of \Zmj for h < 0.65 but that beyond this value the results are practically 
indistinguishable.
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Figure 3.7: Absolute value of the impedance change due to the multiply scattered part of the 
field, \Zm\, for a subsurface crack whose edge lies depth h below the conductor surface.
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Figure 3.8: Absolute value of the impedance change (calculated by considering all multiple 
scattering between the edges of the crack and its image) due to a subsurface crack whose 
edge lies depth h below the conductor surface.
83
Figure 3.9: Comparison of the absolute values of the contributions to the impedance change 
from all multiply diffracted fields, \Zm\, and that due to the doubly diffracted field, \Zjj.
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3.3  S u r fa c e -B r e a k in g  C ra c k
In Section 2.3 the surface-breaking crack calculation was performed in the high-frequency 
limit in which the perturbations of the fields by the edge and corners of the crack are effectively 
decoupled. This assumption simplifies the calculation but severely restricts the range of crack 
depths for which the result is valid. The geometrical theory of eddy-current scattering allows 
consideration of the regime in which the fields perturbed by the edge and corners of the crack 
are no longer decoupled. This is achieved by taking into account multiple scattering of the 
fields and enables calculation of the impedance change due to cracks of depth as little as one 
skin depth.
3.3.1 F ield  Calculation
In the first instance it is helpful to make an observationconcerningthe solution for the magnetic 
field in the corner of the conductor which occurs where the crack meets the conductor surface, 
given in (2.54). In conventional GTD, the diffraction coefficient for a wedge lying in the path 
of an incident plane, cylindrical or conical wave is found to contain the factor sin ^  where 
(2 — n )7r is the interior angle of the wedge. This means that the diffraction coefficient vanishes 
for n — 1/m, m  =  1,2,..., geometries which include the entire plane, interior right angle and 
smaller interior angles[54, 69, 72]. In these cases the exact solution is given entirely in terms 
of the geometrical optics field, which can be determined from image theory.
The corner which occurs where a crack with the geometry under consideration here meets 
the surface of the conductor is precisely an interior right angle. It may be deduced from 
GTD, therefore, that the corner plays no part in the multiple scattering which occurs for 
the surface-breaking crack in the limit in which the perturbed fields are no longer decoupled. 
The exact solution for the field in the corner of the conductor is, therefore, given by (2.54) 
which was determined from image theory. This observation implies that the only multiple 
scattering which occurs is that between the edge of the crack and its image. The problem 
will be formulated in the following way.
Consider the solutions for the decoupled magnetic fields, ipe and ipc, given by (2.52) and 
(2.54) respectively. The field in the corner made by the crack as it meets the air-conductor 
interface, satisfies the boundary condition ipc = 1 both on the crack and on the surface 
of the conductor. The field near the edge of the crack, 0e, satisfies ipe =  I  on the crack. By
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^  =  eikx +  e—
means of (2.101) tlie first term in (2.52) can be rewritten to give
- W (v/2^ c o s  I  ( *  + 0 )  + w ( V ^ c o s  5  (*  -  § ) )  x > 0,
(3.37)
where the geometry of Figure 2.9 applies. Equation (3.37) holds only for x > 0. The 
equivalent expression for negative x is found by rewriting the second, rather than the first, 
term in (2.52) using (2.101). The form of (3.37) makes it convenient to perform the following 
calculations for x > 0 with the understanding that the fields involved are even in x. The first 
term in (3.37), exkx, is the uniform part of the field for x > 0 and has unit value on the crack. 
The remainder of the expression is the part of the field perturbed by the crack edge and has 
zero value on the crack. Defining
Jkr
/ e Vv = T ■w (3.38)
allows the total magnetic field to be written as the sum ipc +  ^ e' i which matches the boundary 
conditions on the crack perfectly. On the air-conductor interface, however, iftei has a finite 
value in the limit in which the perturbed fields are no longer decoupled and causes a devia­
tion in the value of the field from the true boundary value. The boundary condition on the 
conductor surface is satisfied in the limit in which the fields are decoupled since 0y (s, 0) —s- 0 
for d sufficiently large. In a similar way, the boundary condition that the normal derivative 
of the magnetic field must be zero in tlie crack plane away form the crack is matched approx­
imately by + in the high-frequency limit. At lower frequencies, however, dipc/dx has a 
finite value on x = 0+,z < — d and is discontinuous across x — 0. The mismatch between the 
field and the boundary value on the conductor surface will be eliminated by introducing an 
image of the crack, forcing the magnetic field to be odd in z and thus satisfying the boundary 
condition on z = 0. The deviation from the required value of zero for the normal derivative of 
the field on x — 0, |z| > d is much diminished by taking into account the multiple scattering 
between the crack edge and its image. A solution of the following form will be sought:
0(0 = ^  +  ^, (3.39)
where js the total magnetic field and 0 is zero both on the crack and the air-conductor 
interface and takes into account all multiple scattering between the crack edge and its image. 
Since i ) c is known, the surface-breaking crack problem reduces to that of finding the multiply 
scattered field between the edge of the crack and its image.
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Figure 3.10: A surfa.ce-brea.king crack and its image. P  denotes the position of an arbitrary 
field point.
There are two distinct contributions to -ip. The first is that from scattering which originates 
at the crack edges, the second arises from edge scattering of fields originally perturbed by 
the crack corners. The two contributions are found in a similar way but will be dealt with 
separately for clarity. Let
= tp£ + ipc , (3.40)
where ip£ denotes the field scattered by the crack edges only and ipc denotes the field originally 
perturbed by the corners and subsequently scattered by the crack edges. The calculation of 
ip£ proceeds along lines similar to those of the multiple scattering calculation of Section 3.2. 
The geometry of the system is shown in Figure 3.10. Consider firstly the field scattered only 
once from each edge. Using the notation
V>f = + (3.41)
where the subscript, s, denotes single scattering, it is found from (3.38) that
t i s  =
,ihr2
- w  ( - y / 2 i k r 2 cos | (^ 2 + f ) ) +  ^  ( V 2ikr2 cos \  (^2 “ f ) ) .(3.43)
The differences between J>£s and ^fs ai>ise purely through the different co-ordinate systems 
employed at each edge. The multiply scattered field will now be considered. The problem 
has been formulated in such a way as to make the boundary values of the fields associated 
with the crack edges (it>£s and ip£s )  zero on the crack itself. This means that, by Babinet’s 
principle[81], the problem may be treated equivalently by considering a system which exhibits 
Neumann boundary conditions on the half-planes defined by x — 0, \z\ > d. Adopting this 
approach, the scattered field is expressed as being proportional to the normal derivative of the 
incident field at the crack edge, necessitating use of the form (3.13). The diffraction functions 
appropriate to the cases of (3.10) and (3.13) will be denoted for the surface-breaking crack 
by L i and L\ where i =  1 or 2 depending on the location of the crack edge. The functions L\ 
and L 2 are given by
^2(^25 2^5^2)
—  — w (^ /2 ik r i cos (^#i + 4>i)^  + w \^/2ik r\ cos -^(<?i — (p\)^
I
- w  (^-y/Zikri cos ~ (02 +  <£2)^ + tv (^/2ikr2 cos i ( 02 -  <j}2) j
(3.44)
aifcr2 r
There are obvious similarities between L\, L 2 and ^fs, ip£s. 
written
t i s - L i  ( r u 0u -
t i s L 2 ( r2,02y —
(3.45)
In fact, ipfs and ip2s can be
(3.46)
(3.47)
so that, from (3.41),
r u » u 4 ) - L 2 ( r 2,e2, | ) (3.48)
From (3.44) and (3.45) it is found that L\ = L 2 = 0 on the crack when the direction of the 
incident field (given by <f>) is parallel to the crack plane. These are the circumstances under 
which (3.13) must be used. Following the procedure outlined for conventional GTD, equation 
(3.8) is adapted to give
L M )  = - -
d(p 1 4> 1 =0
L'2(r2,e2) = -
'd L 2( r 2,62,<f)2)
d(f> 2
(3.49)
(3.50)
02=77
Applying (3.49) and (3.50) to (3.44) and (3.45) yields
£ i(n ,0 1) = - e ihri 
l 2(.r2J 2)  =  - eikr*
rj sin^i w y/2ikr\ cos
r2 sin 62 in ( \/2ikr2 sin
,— sin —
y/^ a/^ 2
i y/2r^ 62
cos
(3.51)
(3.52)
%/tt V l l  2
Equations (3.51) and (3.52) in conjunction with (3.13) enable calculation of the multiply 
scattered field. As in the case of the subsurface crack, there are four types of multiply scat­
tered field, distinguished by their points of initial and final diffraction. These are tabulated 
in Table 3.1 on page 75. As before, the total multiply diffracted field is obtained by summing 
the four types from n = 1 to oo. Using (3.13) it is found that the fields are given by:
di)\s{ru0\ )
t A  
i>B 
TpC 
TpD
dx
di*i8( r u 0 i )
dx
d j4 j j 2 , 6 2) 
dx
d ^ s( r 2J 2) 
dx
'dL’x(ruex) 71 — 1 \dL2(r2, e2) n
(20,0) dx (2d,0) dx (20,7r)
n—1 \dL’2(r2,e2) n—1
(20,0) 3a; (2a!,0) dx (20,7r)
raxqi-i.fl,) n r dL'2(r2,62) 71—1
(20,7r) dx (2d70) dx (20, tt)
9L[(n,e1) 71—1 WL'2(r2,e2y 71—1
(20,tt) dx (2c£,0) dx (20,tt)
U f a i , * )  
L 2( r 2,62) 
L'2( r 2,e 2) 
£i(ri.#i).
From the argument of footnote 3 (page 42) it follows that
'0$i(ri,0 i)d$i(ri,6>i)
dx
d $ 2( r 2,02y
dx
(20,0)
(20,7r)
_1_
2d
2d
de i
d $ 2( r 2,02)
de 2
■1 (20,0) 
(2d, tt)
where = ipfs or X*. Noting further that
1 # n (n ^ i) 1 dip2s(r2,02)
2d de i (20,0) 2d de 2 (20,tt)
r i axj(rl3^)i r i dL'2{r2,e2)i
,2rf cWi (20,0) ,2cJ <902 (20,7T
enables the multiply scattered field to be written
1 dVfs( u A )
2d dd i (20,0)
1 d L '/ r^ O , )  
2d dOi
CO
X E
(2<£,0)
1 d L [ ( r u 9x) 9 n- 2
[ 2d de i (3.53)(20,0)
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Summing the infinite series gives
tim =
i d0f.(n.0i)
2d
r u e i ) - L '2(r2,e2)}. ( 3 . 5 4 )
2d 8$! J(2d,0),
T h e  r e la t i o n s h i p  b e t w e e n  t h e  s in g ly  a n d  m u lt i p l y  s c a t t e r e d  f ie ld s  is  n o t  a s  s im p le  a s  in  t h e  
c a s e  o f  t h e  s u b s u r f a c e  c r a c k ,  ( 3 . 2 7 ) ,  s in c e ,  in  t h e  c a s e  o f  t h e  s u r f a c e - b r e a k in g  c r a c k ,  t h e  
s c a t t e r e d  f ie ld  is  w r it t e n  i n  t e r m s  o f  th e  n o r m a l d e r iv a t iv e  o f  t h e  in c id e n t  f ie ld .  T h e  m u lt i p l y  
s c a t t e r e d  f ie ld  c a n  b e  w r it t e n
t im ^ ik N  [L,1(ru 9l ) -  X'2 ( r 2 , 0 2)]  , ( 3 . 5 5 )
w h e r e
N = - 1
[ A
W i.{rue 0 1  
dOi J1 (2d,0)
g2ikd j[ ® ( V 2 ikd)
1
ik  |
( 1 + 1
i 1  dL',(riA)] 
2d 86 j j (20,0))
| 1 -  e2ikd | w (/h L d )
( 3 . 5 6 )
T h e  f a c t o r  N , l ik e  M  g iv e n  in  ( 3 . 2 8 ) ,  is  s e n s it iv e  t o  t h e  d is t a n c e  b e t w e e n  t h e  e d g e  o f  t h e  c r a c k  
a n d  t h e  c o n d u c t o r  s u r f a c e ,  w h ic h  m e a n s  t h a t  ip!^  d e c a y s  q u ic k ly  a s  d —* oo. T h e  m a g n e t ic  
f ie ld  s c a t t e r e d  b y  t h e  e d g e  o f  t h e  c r a c k  a n d  it s  im a g e  is ,  f r o m  ( 3 . 4 1 ) ,  ( 3 . 4 8 )  a n d  ( 3 . 5 5 ) ,
i>£ = + V4 = -  L  (r i, » i ,| ) -  L2 ( r j . f t . f ) ]  • ««[£ ', (r„ A ) -  Zj(r2, f t ) ] . ( 3 . 5 7 )
I t  r e m a i n s  t o  p e r f o r m  a  s i m i l a r  c a lc u la t io n  t o  o b t a in  ipc, w h ic h  r e p r e s e n t s  t h e  p a r t  o f  
t h e  f ie ld  p e r t u r b e d  b y  t h e  c o r n e r s  o f  t h e  c r a c k  a n d  t h e n  s c a t t e r e d  b y  t h e  c r a c k  e d g e s . F r o m  
( 2 . 1 1 2 )  i t  is  r e a d i ly  d e d u c e d  t h a t  th e  n o r m a l  d e r iv a t iv e  o f  t h e  p e r t u r b e d  p a r t  o f  tpc i n  t h e  
p la n e  o f  t h e  c r a c k  is
dtpc>_
x=0+dx
=  —ik 2 f  HQ1\k u )  du, z >  0 .
; j. J 2
( 3 . 5 8 )
T h e  p e r t u r b e d  c o r n e r  f ie ld  w h ic h  is  t h e n  s in g ly  s c a t t e r e d  b y  t h e  c r a c k  e d g e s  m a y  b e  w r it t e n
= t is  +  t is , ( 3 . 5 9 )
w h e r e
t is  =  ik Q L i(ru 0!)
t is  =  -ikQ L'2{r 2, 62)
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( 3 . 6 0 )
( 3 . 6 1 )
and
T h e n
Q = k f°° H ^ \k u ) du. 
J d
(3.62)
i>cs =  ik Q IL 'A n J,) -  4 ( t - 2 , 0 2 ) ] .  ( 3 . 6 3 )
C a l c u l a t i o n  o f  th e  m u lt i p l y  s c a t t e r e d  f ie ld  p r o c e e d s  a s  f o r  , t h e  o n ly  d if f e r e n c e  b e in g  t h e  
f o r m  o f  t h e  s in g ly  s c a t t e r e d  f ie ld .  T h e  r e s u lt  e q u iv a le n t  t o  ( 3 . 5 3 )  is
[ i ' i ( n , 0 i ) - 4 ( 7 - 2 ,  « 2 )]  
( 3 . 6 4 )
[ i  d x K f ! , * ! ) ] ■ 1 dL'1(ru 61)'
[ 2 7  d$i (2d,0) V 2d d0i
oo-
* E
71=1
1 d X i ( r l 5 0 i ) '
,2 7  d01
2ti- 2
(2dfi)
S u m m in g  t h e  in f in it e  s e r ie s  g iv e s  
i>Cm =  *kQ
- [
1  e L 5 ( r i,* j) l
2 d d6i J (2c/,0)
( l  +
r 1 9 L { ( n , 0 i)
[2rf 901 ] (2 d ,0 ))
[L'1(r1,e1) - L ' 2(r2,e2)].
W r i t e
w h e r e
P =
4>i =  ikPQ[L\{TU e2) -  4 ( > - 2 , 0 2 ) ] ,
_  e2ikd[ w { V i i k d )  -  ±  1h/TT y/4tl
1 +  (2<J  1 -  e2ikdlM A ik d )
( 3 . 6 5 )
( 3 . 6 6 )
( 3 . 6 7 )
S u m m in g  ( 3 . 6 3 )  a n d  ( 3 . 6 6 )  g iv e s  t h e  f ie ld  p e r t u r b e d  b y  t h e  c o r n e r s  a n d  t h e n  s c a t t e r e d  b e t w e e n  
t h e  c r a c k  e d g e s:
/  =  ik (P  + 1 ) 0  [ £ i ( n ,  0 i )  -  4 ( 7 - 2 , 0 2 ) ] -  ( 3 . 6 8 )
A d d i n g  ( 3 . 5 7 )  t o  ( 3 . 6 8 )  g iv e s ,  f r o m  ( 3 . 4 0 ) ,
fr =  - +  ik[N  +  ( P  +  l ) Q P i ( n ,  9i) ~ L'2( r 2, 02)]. ( 3 . 6 9 )
E x a m i n a t i o n  o f  t h e  c o m p o n e n t s  o f  fr r e v e a ls  t h a t  fr =  0  o n  t h e  c r a c k  a n d  o n  z  =  0 , a s  
r e q u ir e d .  T h e  t o t a l  m a g n e t ic  f ie ld  o f  e q u a t io n  ( 3 . 3 9 ) ,  w h e r e  frc is  g iv e n  b y  ( 1 . 1 7 )  a n d  fr 
b y  ( 3 . 6 9 ) ,  t h e r e f o r e  s a t is f ie s  t h e  b o u n d a r y  c o n d it io n s  o n  t h e  c r a c k  a n d  c o n d u c t o r  s u r f a c e  
e x a c t ly .  I n  o r d e r  to  p lo t  t h e  n o r m a l  d e r iv a t iv e  o f  frW in  t h e  p la n e  o f  t h e  c r a c k  f o r  z  <  — 7 ,  
i t  is  n e c e s s a r y  t o  e v a lu a t e  Q ( e q u a t io n  ( 3 . 6 2 ) ) .  T h e  e x p r e s s io n  c a n n o t  b e  e v a lu a t e d  e x a c t ly  
b u t ,  f o r  t h e  p u r p o s e  o f  d e m o n s t r a t in g  th e  v a lu e  o f  t h e  f ie ld  o n  t h e  b o u n d a r y ,  i t  is  s u f f ic ie n t
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to  a p p r o x im a t e  t h e  H a n k e l  f u n c t io n  b y  it s  p r i n c i p a l  a s y m p t o t ic  f o r m 8 [1 0 ] w h ic h  is  a c c u r a t e  
to  w i t h i n  1 0 %  e v e n  f o r  d =  8 . A c c u r a c y  im p r o v e s  r a p i d l y  a s  d in c r e a s e s .  S u b s t i t u t in g  th e  
a p p r o x im a t e  f o r m  f o r  t h e  H a n k e l  f u n c t io n  in  ( 3 . 6 2 )  y ie ld s
Q ~  v ^ e r f c ( — iV ikd ). ( 3 . 7 0 )
A  s i m i l a r  a p p r o x im a t io n  is  u s e d  i n  e v a lu a t i n g  di>c/dx\x-Q+ , t h e  o t h e r  t e r m  i n  ( 3 . 3 9 ) .  I n  
F i g u r e  3 . 1 1 ,  t h e  n o r m a l  d e r iv a t iv e  o f  ipW is  s h o w n  i n  t h e  p la n e  o f  t h e  c r a c k  f o r  z  <  - d ,  fo r  
a  c r a c k  o f  d e p t h  d =  8 . A ls o  s h o w n  is  t h e  n o r m a l  d e r iv a t iv e  o f  t h e  m a g n e t ic  f ie ld  e x p r e s s io n  
p r io r  t o  in c lu s io n  o f  t h e  in t e r a c t io n  t e r m s  ( t h e  f ie ld  g iv e n  b y  0 C - f  0>e/ ) .  T h e  im p r o v e m e n t  in  
th e  m a t c h  t o  t h e  b o u n d a r y  c o n d it i o n  o n  in c lu s io n  o f  t h e  in t e r a c t io n  t e r m s  i s  o b v io u s .  T h e  
m a x im u m  e r r o r  f o r  d — 8 o c c u r s  a t  z  «  — 1 .7 6  a n d  c o r r e s p o n d s  t o  a n  e r r o r  o f  r o u g h ly  2 %  
in  t h e  b o u n d a r y  c o n d it io n .  T h i s  e r r o r  is  v e r y  s m a ll  a n d  p e r f e c t ly  a c c e p t a b le  i n  t h e  f ie ld  
o f  e d d y - c u r r e n t  t h e o ry . I n  F i g u r e  3 . 1 2  t h e  n o r m a l  d e r iv a t iv e  o f  tpV) js s h o w n  f o r  z < —d 
f o r  c r a c k s  o f  d e p t h  d =  1 . 0 , 1 . 2 , 1 . 4  a n d  1 .6 6 . A s  e x p e c t e d ,  t h e  m a t c h  w i t h  t h e  b o u n d a r y  
c o n d it io n  im p r o v e s  a s  |d | in c r e a s e s .
3.3.2 Im pedance Calcu lation
T h e  c a l c u l a t io n  o f  t h e  c h a n g e  in  im p e d a n c e  d u e  t o  t h e  p r e s e n c e  o f  a  s u r f a c e - b r e a k in g  c r a c k  
p r o c e e d s  a lo n g  l in e s  s i m i l a r  t o  t h o s e  o f  S e c t io n  2 . 3 . 2 .  A s  i n  ( 2 . 5 1 ) :
A Z = Zf +  Ze -J- Zc, ( 3 . 7 1 )
w h e r e  Z j  m a y  b e  a t t r i b u t e d  t o  u n if o r m  c u r r e n t  f lo w  o v e r  t h e  c r a c k  fa c e s ,  Ze t o  t h e  p e r ­
t u r b a t io n  o f  t h e  f ie ld s  b y  t h e  c r a c k  e d g e  a n d  Zc t o  t h e  p e r t u r b a t io n  b y  t h e  c r a c k  c o r n e r s .  
T h e  c o n t r ib u t i o n  f r o m  t h e  f a c e s  o f  t h e  c r a c k  r e m a in s  u n c h a n g e d  in  t h e  r e g im e  in  w h ic h  t h e  
p e r t u r b e d  f ie ld s  a r e  n o  lo n g e r  d e c o u p le d .  F o r  t h e  p u r p o s e  o f  c a l c u l a t i n g  Zc , h o w e v e r,  i t  c a n  
n o  lo n g e r  b e  a s s u m e d  t h a t  t h e  c r a c k  d e p t h  is  i n f in it e  (s e e  p a g e  5 5 )  w h ic h  m e a n s  t h a t  t h e  
d e p e n d e n c e  o f  Zc o n  t h e  c r a c k  d e p t h  m u s t  b e  e s t a b l is h e d .  T h e  c o n t r ib u t i o n  d u e  t o  t h e  e d g e s,  
Ze, i s  m o d if ie d  o n  a c c o u n t  o f  t h e  m u lt i p le  s c a t t e r in g .
Hil) «  . / j - e - ' t M S + i W ,  <  arg * <  2 r
V  7TZ
8
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F i g u r e  3 . 1 1 :  A b s o lu t e  v a lu e  o f  t h e  n o r m a l  d e r iv a t iv e  o f  t h e  t o t a l  m a g n e t ic  f ie ld  in  t h e  c r a c k  
p la n e  f o r  z <  — 7 , c a lc u la t e d  u s i n g  t h e  g e o m e t r ic a l  t h e o r y  o f  e d d y - c u r r e n t  s c a t t e r in g  f o r  a  
c r a c k  o f  d e p t h  7  =  5 , c u r v e  a ) ,  c o m p a r e d  w i t h  t h e  a b s o lu t e  v a lu e  o f  t h e  n o r m a l  d e r iv a t iv e  o f  
t h e  f ie ld  p r i o r  t o  i n c lu s io n  o f  m u lt i p l e  s c a t t e r in g  t e r m s ,  c u r v e  b ) .
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F i g u r e  3 . 1 2 :  A b s o lu t e  v a lu e  o f  t h e  n o r m a l  d e r iv a t iv e  o f  t h e  t o t a l  m a g n e t ic  f ie ld  in  t h e  c r a c k  
p la n e  f o r  z <  — 7 ,  c a lc u la t e d  u s in g  t h e  g e o m e t r ic a l  t h e o r y  o f  e d d y - c u r r e n t  s c a t t e r in g  f o r  
c r a c k s  o f  d e p t h  7  =  1 . 0 , 1 . 2 , 1 . 4  a n d  1 .6 5 .
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T h e  c o n t r ib u t i o n  Z j  in  ( 3 . 7 1 )  d u e  t o  t h e  u n if o r m  p a r t  o f  t h e  f ie ld  o n  t h e  c r a c k  f a c e s  is  
t h e  s a m e  a s  f o r  t h e  c a s e  in  w h ic h  t h e  f ie ld s  p e r t u r b e d  b y  t h e  e d g e  a n d  c o r n e r s  o f  t h e  c r a c k  
a r e  d e c o u p le d  ( 2 . 1 1 7 ) :
Zf = - ~ ( ¥ f )  2 ikd. ( 3 . 7 2 )
cr \ I J
T h e  c o n t r ib u t i o n  a s s o c ia t e d  w it h  p e r t u r b a t io n s  b y  t h e  c r a c k  e d g e  m a y  b e  f o u n d  b y  s u b s t i­
t u t in g  fr ( e q u a t io n  ( 3 . 6 9 ) )  in t o  ( 1 . 4 9 ) .  L e t
£ e =  z lnierface +  Z / ack, ( 3 . 7 3 )
w h e r e
i n t e r f a c e  _  1  f E l Y  f ° °  d x  (3 74)
cr \ I J J0 oz |2_o
rcrack ( B o ? r° dfr
\ I  )  JL  d dx
dz. ( 3 . 7 5 )
1 — 0 +
T h e  n o r m a l  d e r iv a t iv e  o f  fr o n  b o t h  t h e  c o n d u c t o r  s u r f a c e  a n d  t h e  c r a c k  f a c e  m u s t  n o w  b e  
f o u n d .  U s in g  ( 2 . 4 7 ) ,  ( 3 . 6 9 ) ,  ( 3 . 4 4 ) ,  ( 3 . 4 5 ) ,  ( 3 . 5 1 )  a n d  ( 3 . 5 2 )  it  is  f o u n d  t h a t
dfr
=  --~zyJ'2i,k(R  -  +  ik[N  +  ( P  +  1 )Q ]  ^2ikx e%kR w ^yJik(R +  7 ) ^
+ t /2 - Y r  + d _ 2xJik(R + d) 
v 7r Ky i k  yi k
eikR
y /i /i  J  R
(3.76)
w h e r e  R  — y/x2 +  7 2 . T h e  in t e g r a l  in  (3.74) is  e v a lu a t e d  b y  m e a n s  o f  s im p le  c h a n g e s  o f  
v a r i a b le .  I t  i s  f o u n d  t h a t
interface =  _ I  2 &ikd j _ 2 \ / 2 W {V2ikd) +  [N +  ( P  +  l)Q)
X j^2i&7 +  ^  w (y/2ikd j  — ~ j = V 2 i k d  — 2|| .(3.77)
F r o m  (3.77) i t  is  s e e n  t h a t  t h e  c o n t r ib u t i o n  t o  Ze o b t a in e d  b y  in t e g r a t i n g  t h e  P o y n t i n g  v e c t o r  
o v e r  t h e  s u r f a c e  o f  t h e  c o n d u c t o r  t e n d s  t o  z e r o  a s  7  f t  oo, a s  e x p e c t e d .  T h e  n o r m a l  d e r iv a t iv e  
o f  t h e  m a g n e t ic  f ie ld  o n  t h e  c r a c k  is  c a lc u la t e d  b y  m e a n s  o f
w h e r e  z\ — z +  d a n d  z^  — z — d. T h e  d if f e r e n c e  i n  t h is  f o r m  o f  t h e  d e r iv a t iv e  f o r  c o - o r d in a t e s  
w it h  r e s p e c t  t o  t h e  c r a c k  e d g e  a t  z — —d a n d  t h a t  f o r  t h e  c a s e  o f  t h e  s u b s u r f a c e  c r a c k ,  g iv e n  
b y  ( 3 . 3 2 ) ,  a r is e s  b e c a u s e  t h e  s u r f a c e - b r e a k in g  c r a c k  o c c u r s  a t  Q\ =  0  a n d  t h e  s u b s u r f a c e  c r a c k  
a t  (ft =  7 r .  I t  is  f o u n d  t h a t
dtp
dx
— w [Vikz-\
+ik[N  +  (P  +  1 )Q]
+  e
ikz\
—ikz2
y/2n ikz
yJ—KlkZi 
- eikziw
+  e
~ikz2 e~ikz2w
,y/—2Trikz2
S u b s t i t u t in g  ( 3 . 7 8 )  in t o  ( 3 . 7 5 )  a n d  e v a lu a t in g  t h e  r e s u lt i n g  in t e g r a l  g iv e s
2  i
tv (>/=*£)) 
^y/2ikzij^
( \ / © 2 i k ^ ) ^ j  . ( 3 . 7 8 )
rcrack =  — ~  1 “ e2tkd (4ikd — 1 )w (V2ikdj — ~^=V2ikd
,2 ikd
+
{ V 2 ikd}j — e4lkd ^ 2 ikd +  w [VaJkTj — ikd  |
( 3 . 7 9 )
T h e  t o t a l  c o n t r ib u t i o n  to  th e  im p e d a n c e  c h a n g e  d u e  t o  t h e  e d g e  o f  t h e  c r a c k  is  f o u n d  b y  
s u m m in g  ( 3 . 7 7 )  a n d  ( 3 . 7 9 ) .
Ze =  — ~  ^ “ 1 ~  <2y/2etkd w (\/2ikdj — e2tkd ( 4 ikd — 1  )w (V2ikdj ~ ~=tV2ikd
+ [ i V  +  ( P +  1 ) Q ]  { i  - -~= +  eikd j ^ 2 i k d  +  £j w ( V S )  - V2ikd-2
+ w (V2ikd)j — e4tkd ^2ikd + ^  w {V aTkdj — ~ ~ V ik d
( 3 . 8 0 )
A s  d —> 0 0 , Ze —» \  ( + )  ln  a g re e m e n t  w it h  t h e  r e s u lt  o f  t h e  p r e v i o u s  c h a p t e r  ( 2 . 1 1 7 ) .  T h e  
r e m a in in g  c o n t r ib u t i o n  t o  t h e  c h a n g e  in  im p e d a n c e  d u e  t o  t h e  s u r f a c e - b r e a k in g  c r a c k  w h ic h  
m u s t  b e  c a lc u la t e d  is  Zc. T h e  c a l c u l a t io n  o f  Zc is  p e r f o r m e d  b y  in t e g r a t i n g  t h e  P o y n t i n g  
v e c t o r  f o r m e d  b y  t h e  e le c t r ic  f ie ld  s c a t t e r e d  b y  t h e  c o r n e r ,  f o u n d  f r o m  ( 2 . 5 4 ) ,  a n d  t h e  t o t a l  
m a g n e t ic  f ie ld  o v e r  t h e  s u r f a c e  o f  t h e  c o n d u c t o r  a n d  t h e  c r a c k  f a c e s  a s  in  ( 1 . 4 9 ) .  T h e  c o m p le t e  
c o r n e r  s o lu t io n  i s  t h a t  g iv e n  b y  ( 2 . 5 4 ) ;  t h e re  is  n o  m o d if ic a t io n  b y  m u lt i p l e  s c a t t e r in g .  D e f in e
Zc -  zinterface +  Z ? ack ( 3 . 8 1 )
w h e re
* _  _ 2  2 d A
a \  I  )  J -d  dx
2 r0
clz. (3.83)
x=0#.
I n  t h e  a n a ly s is  o f  S e c t io n  2 .3 . 2  i t  w a s  p o s s ib le  t o  c a lc u la t e  t h e  c o r n e r  c o n t r ib u t i o n  e x a c t ly  
a n d  t h e  s a m e  p r o c e d u r e  y ie ld s
2
z in te r fa ce_
=  4  ( t )  ( 3 -8 4 )
F r o m  t h e  r e a s o n in g  le a d in g  t o  ( 2 . 1 1 3 ) ,  Z^Tack is  g iv e n  b y
Zcrack =  I  2 ik 2 J d j T °  H ^ \k u ) dudz. ( 3 . 8 5 )
T h e  in t e g r a t io n s  o f  ( 3 . 8 5 )  c a n  b e  e v a lu a t e d  f o r  la r g e  d b y  w r i t i n g  t h e  H a n k e l  f u n c t o n  a s  a n  
a s y m p t o t ic  s e r ie s .  R e w r i t i n g  ( 3 , 8 5 )  g iv e s
zcrack =  I  ( J y J 2 2ik* J° °  J™  Ho \ ku) dudz -  j™  J [° °  Ho \ k u )  dudzj  . ( 3 . 8 6 )
T h e  f ir s t  in t e g r a l  is  p r e c is e ly  t h a t  e v a lu a t e d  p r e v i o u s ly  a n d  t h e  s e c o n d  is  s u i t a b le  f o r  e v a lu a ­
t io n  u s in g  t h e  a s y m p t o t ic  e x p a n s io n  f o r  la r g e  a r g u m e n t  s in c e  t h e  z e r o  l i m i t  h a s  b e e n  a v o id e d .  
E q u a t i o n  ( 3 . 8 6 )  r e d u c e s  t o
Zcrack _  _ I  ( ^ ) 2 i  +  2 J /  ■ (3-87)
H a n k e l ’s a s y m p t o t ic  e x p a n s io n s 9 [ l l ]  c a n  b e  u s e d  t o  f in d
# [4  — \ j  —  {'P{v, 2 ) +  iQ[v, 2 ) }  e ' x , - 7 T  <  a r g  z <  2 7r,
7T Z
w h e r e
? ( v  z )  -  1 -  ~  +
* ’ ) ~ 2 !( 8 2 ) 2  + • • • *
r ( ,. .a  _ I ” 1 (#*“  l ) ( / i  -  9 ) ( /x  -  2 5 )
X =  2
H — 4.1s2 .
( f + i )  '■
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From (3.88),
*(•>(*,) = _ . / £ J S A  1, , ^  4 l X - 9 ) . - ( —(2»- l)2) 1
T v ^ a c i 1 +  S'  7 1 = 1
a n d  s u b s t i t u t in g  in t o  ( 3 . 8 7 )  g iv e s
^  = - H t ) 2
n\ 8n (— iku)n ( 3 . 8 9 )
1 +  Y 2
y/—iku
(  — ! ) ( — 9 )  • • ■ ( — ( 2 n  — l ) 2 )  1
n —1 nl8n (— iku)n
dudz
T h e  t e r m s  o f  t h e  in n e r  in t e g r a l  o f  ( 3 . 9 0 )  a r e  o f  t h e  fo r m
,iku ■du.
i : y/—iku(—iku)n 
M a k i n g  t h e  c h a n g e  o f  v a r i a b le  t2 = —iku g iv e s
roo giku  2 roo e - t 2
Jz \/~iku(— iku)n ( —ik) //ftfco t2n dt.
. ( 3 . 9 0 )
( 3 . 9 1 )
( 3 . 9 2 )
y — xL
B y  s o lv in g  ( 3 . 9 2 )  f o r  s u c c e s s iv e  v a lu e s  o f  n it  is  p o s s ib le  t o  d e d u c e  t h e  s e r ie s  s o lu t io n  f o r  t h e  
g e n e r a l  c a s e :
n =  0 L 
n = 1  L
oo el*
2 \J — ikz
a/ tT
du — 7— rrrerfc(\/— ikz), 
(  — ik )
Jku
duZ frzgjgi(-iku) (-ik) {(-ikz)1/2
,ikz — V*erf c(V~ikz)>,
( 3 . 9 3 )
( 3 . 9 4 )
-iku
du =
Jkz
* V-iku(-iku)2 (-ik){3(-ikz)3/2 S(-ikz)1/2 3+  Iv^erfc(V-ikz) [>,
( 3 . 9 5 )
e t c .  I t  i s  f o u n d  t h a t ,  f o r  n > 1,
j k u  2
/z V  — iku(— iku)n
du = ( - 2 )
0177-1
(-ik) 1 (2n - l ) ( 2 n - 3 ) . . . l  W -ikz)1/2
■ylltZ
— \/7rerfc(\/— ikz)
+  eik- f  t i r r  I  }  ( 3  9 6 )
( 2 n  -  l ) ( 2 n  -  3 ) . . .  ( 2 p  -  1 )  ( - ik z ) ^ - i ) n  J
T h e  r e s u lt  o f  e v a lu a t i n g  t h e  in n e r  in t e g r a l  in  ( 3 . 9 0 )  is ,  f r o m  ( 3 . 9 3 )  a n d  ( 3 . 9 6 ) ,
=  - H t ) 2 [ H W I
— ^ ■ erfc(\/~ikz)A 
(-ik)
n —12  (  1 ) (  9 )  . . . (  — ( 2 n  — I ) 2)
( - * * ) “ !  n l$n l ( 2 n -  l ) ( 2 n - 3 ) . . . l  { ( - i k z ) 1/ 2
( - 2 )
-ikz
- v/7rerfc(V— ikz)
( " 2  ) n-v+eikz T ---------^  (2n-  1)(2n - 3)... (2p - 1) (-ikz)Ur-1)/2 dz (3.97)
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/-co ______
/  e r f c ( \ /  —ikz) dz.
J d
The integrals in (3.97) which must now be evaluated are of the form of (3.91) and
(3.98)
T h e  f o r m e r  h a s  a lr e a d y  b e e n  d e a lt  w it h  ( r e s u lt  ( 3 . 9 6 ) ) .  T h e  la t t e r  m a y  b e  e v a lu a t e d  b y  
p e r f o r m i n g  t h e  c h a n g e  o f  v a r i a b le  t? — —ikz, in t e g r a t i n g  b y  p a r t s  t w ic e  a n d  u s in g
d ,  m  2 e
— erfc(t) —  t=-.
dt y/ir
( 3 . 9 9 )
T h e  v a lu e  o f  i n t e g r a l  ( 3 . 9 8 )  is
foo t  Q 1 _ _ _ _ _  2  i  *
/  e r f c ( \ / — ikz) dz — - — —  -  ( 2 ikd  +  l ) e r f c ( \ / — ik d ) ----- p= v/ikde  . ( 3 . 1 0 0 )
Jd (~zk) 4 L yTT
R e s u l t s  ( 3 . 9 3 ) ,  ( 3 . 9 6 )  a n d  ( 3 . 1 0 0 )  m a y  n o w  b e  u s e d  t o  e v a lu a t e  t h e  r e m a i n in g  in t e g r a l  in  
( 3 . 9 7 ) .  A d d i n g  t h e  r e s u lt i n g  e x p r e s s io n  f o r  Z°rack t o  t h e  e x p r e s s io n  f o r  Z'cnterf ace g iv e n  in  
( 3 . 8 4 ) ,  i t  i s  f o u n d  t h a t  Zc is  g iv e n  b y
=  - i mi  j
rs
TT V 2 f(d)
- 4 V 2 J 2
n=l 7i!8 n
( - 2 )
n-1
( 2 n  — l ) ( 2 n  — 3 )
   | e r f c ( \ Z ^ d )  -  7j,f(d)
( - 2  r -p
+ 2  ^  (2n _ !)(2n - 3)... (2p - 1)
( - 2  r 2
Jkd P-l
+
( 2 p  — 3 ) ( 2 p  — 5 )  . . .  1 
( _ 2 ) p - i - 9  l
9(d)
x/tt y/ikd ( 2 p  — 3 ) ( 2 p  — 5). . .  (2q — 1) (-ikdfr-2
( 3 . 1 0 1 )
w h e r e
2 i
f(d) =  (2?'fcd + l)erfc(V—ikd) ikd elkd,
v 71"
g ( d )  =  e r f c ( \ / -ik d ) —
\/n Vikd
T h e  d e p e n d e n c e  o f  Zc o n  d is  s u c h  t h a t  Zc —> —g (t2-) f  a s d —* oo i n  a g r e e m e n t  w i t h  t h e  
c a l c u l a t i o n  f o r  t h e  l i m i t  i n  w h ic h  th e  f ie ld s  a r e  d e c o u p le d  (e q u a t io n  ( 2 . 1 1 6 ) ) .  T h e  im p e d a n c e  
c h a n g e ,  A Z, f o r  t h e  s u r f a c e - b r e a k in g  c r a c k  is  g iv e n ,  t h e re fo r e ,  b y  t h e  s u m  o f  ( 3 . 7 2 ) ,  ( 3 . 8 0 )  
a n d  ( 3 . 1 0 1 ) .  D u e  t o  t h e  c o m p le x it y  o f  ( 3 . 1 0 1 ) ,  it  is  h e lp f u l  t o  w o r k  w it h  a n  a p p r o x im a t e  
r e s u l t  w h ic h  m a y  b e  f o u n d  b y  u s in g  o n ly  t h e  f ir s t  t e r m  in  t h e  a s y m p t o t ic  e x p a n s io n  f o r  Hq1^ :
2  r
This leads to
Z c ~  — — ( j Y ^  “  “  tii | (2zkd  +  l )e r fc(V—ikd) — £~Vikdelkd^ ( 3 . 1 0 3 )
E q u a t i o n  ( 3 . 1 0 3 )  is  a c c u r a t e  t o  w i t h i n  1 0 %  f o r  d =  5 , b e c o m in g  a c c u r a t e  t o  w i t h i n  5 %  f o r  
d =  3 5 .  T h e  r e la t iv e  m a g n it u d e s  o f  t h e  im p e d a n c e  c o n t r ib u t i o n s  f r o m  t h e  fa c e s ,  c o r n e r s  a n d  
e d g e  o f  t h e  c r a c k  a r e  c o m p a r e d  in  F ig u r e s  3 . 1 3  a n d  3 . 1 4  f o r  d >  5 .  T h e  m o s t  s ig n if ic a n t  
c o n t r ib u t i o n  is  t h a t  o f  t h e  u n if o r m  p a r t  o f  t h e  f ie ld  o n  t h e  c r a c k  f a c e s .  T h e  c o n t r ib u t i o n  
f r o m  t h e  c r a c k  c o r n e r s  is  p lo t t e d  f r o m  t h e  a p p r o x im a t e  e x p r e s s io n ,  ( 3 . 1 0 3 ) ,  a n d  g iv e s  r is e  t o  
t h e  s e c o n d  m o s t  s ig n if ic a n t  t e r m  in  AZ. T h e  e d g e  c o n t r ib u t i o n  is  s h o w n  in  t w o  p a r t s ;  t h a t  
f r o m  t h e  s in g ly  s c a t t e r e d  f ie ld  a n d  t h a t  f r o m  t h e  m u lt i p l y  s c a t t e r e d  f ie ld .  T h e  e ffe c t  o f  t h e  
m u lt i p l y  s c a t t e r e d  f ie ld  is  c le a r ly  in s ig n if ic a n t  f o r  d > 5 . T h e  n o r m a l is e d  r e a l  a n d  im a g i n a r y  
p a r t s  o f  A Z  a r e  s h o w n  in  F i g u r e  3 .1 5 .  T h e  d e v i a t io n  f r o m  t h e  l i m i t i n g  v a lu e  o f  c o n s t a n t  
g r a d ie n t  f o r  la r g e  d is  o b v io u s  f o r  d < 3 5 .
T h e  l im it a t i o n  o n  t h e  r a n g e  o f  d f o r  w h ic h  t h e  f ig u r e s  h a v e  b e e n  p lo t t e d  is  d ic t a t e d  
p r i m a r i l y  b y  t h e  a p p r o x im a t e  f o r m  o f  Z c , g iv e n  in  ( 3 . 1 0 3 ) .  T h e  r e s u lt  in  w h ic h  t h e  s e r ie s  
s o lu t io n  f o r  Zc is  u s e d ,  g iv e n  b y  ( 3 . 1 0 1 ) ,  is  l i k e l y  t o  b e  v a l id  f o r  s m a lle r  v a lu e s  o f  d , p r o b a b l y  
f o r  t h e  d is t a n c e  b e t w e e n  th e  c r a c k  e d g e  a n d  t h e  c o n d u c t o r  s u r f a c e  o f  t h e  o r d e r  o f  5 / 2 ,  a s  f o r  
t h e  s u b s u r f a c e  c r a c k .  T h e  l im it a t i o n  o n  t h e  r e g io n  o f  v a l i d i t y  o f  t h is  f u l l  s o lu t io n  l ie s  in  t h e  
a s s u m p t io n s  m a d e  i n  t h e  g e o m e t r ic a l  t h e o r y  it s e lf .
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F i g u r e  3 . 1 3 :  A b s o lu t e  v a lu e s  o f  t h e  im p e d a n c e  c o n t r ib u t i o n s  f r o m  t h e  c r a c k  f a c e s  ( a b o v e )  
a n d  t h e  c o r n e r s  ( b e lo w ) .
101
d/8
F i g u r e  3 . 1 4 :  A b s o l u t e  v a lu e s  o f  t h e  im p e d a n c e  c o n t r ib u t i o n  f r o m  t h e  e d g e  o f  t h e  c r a c k .  T h e  
c o n t r ib u t i o n  f r o m  t h e  s in g ly  s c a t t e r e d  f ie ld  a lo n e  is  s h o w n  a b o v e  a n d  t h a t  f r o m  t h e  m u lt i p l y  
s c a t t e r e d  f ie ld  b e lo w .
102
d/8
F i g u r e  3 . 1 5 :  R e a l  a n d  im a g i n a r y  p a r t s  o f  t h e  im p e d a n c e  c h a n g e  f o r  a  s u r f a c e - b r e a k in g  c r a c k ,  
n o r m a l is e d  b y  d i v i d i n g  b y  t h e  im p e d a n c e  o f  a n  u n c r a c k e d  c o n d u c t o r .
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C h a p t e r  4
L o w - F r e q u e n c y  P e r t u r b a t i o n  
T h e o r y  f o r  a  S u r f a c e - B r e a k i n g  
C r a c k
H a v i n g  d e a lt  e ff e c t iv e ly  w it h  t h e  p r o b le m  o f  t h e  t w o - d im e n s io n a l,  s u r f a c e - b r e a k in g  c r a c k  
i n  t h e  h ig h - f r e q u e n c y  l i m i t  in  t h e  p r e v io u s  c h a p t e r s ,  i t  is  a p p r o p r ia t e  t o  c o n c lu d e  w it h  a  
c a l c u l a t i o n  o f  t h e  im p e d a n c e  c h a n g e  d u e  t o  th e  p r e s e n c e  o f  t h e  s a m e  c r a c k  in  t h e  lo w - f r e q u e n c y  
l i m i t .  L o w - f r e q u e n c y  e d d y - c u r r e n t  w o r k  h a s  b e e n  s o m e w h a t  n e g le c t e d ,  p e r h a p s  b e c a u s e ,  
w h e n  t h e  s k in  d e p t h  is  m u c h  g r e a t e r  t h a n  th e  c h a r a c t e r i s t ic  f la w  d im e n s io n ,  d e t e c t io n  o f  th e  
f la w  is  f a r  f r o m  o p t im u m .  T h e r e  a re ,  h o w e v e r,  s o m e  a d v a n t a g e s  in  w o r k i n g  a t  lo w  f r e q u e n c ie s .  
F i r s t l y ,  t h e  e q u a t io n s  s im p l if y  d r a m a t ic a l l y  in  t h is  l i m i t ,  e n a b lin g  c le a r e r  v i s u a l i s a t i o n  o f  th e  
e d d y - c u r r e n t  p r o b le m . T h e  s im p le  a lg e b r a ic  e x p r e s s io n s  o b t a in e d  f o r  t h e  c h a n g e  in  p r o b e  
im p e d a n c e  d u e  to  f la w s  o f  c e r t a in  s h a p e s  ( s i m p le  s o lu t io n s  t o  t h e  f o r w a r d  p r o b le m )  p a v e  
t h e  w a y  f o r  s u c c e s s f u l  in v e r s io n  in  t h is  l im it ,  e n a b lin g  e s t im a t e s  o f  c r a c k  d e p t h  t o  b e  m a d e  
f r o m  t h e  lo w - f r e q u e n c y  p r o b e  r e s p o n s e .  S im p le  a lg e b r a ic  s o lu t io n s  f o r  t h e  f o r w a r d  p r o b le m  
f o r  f la w s  o f  r e p r o d u c ib le  s h a p e  a r e  a ls o  u s e fu l f o r  p r o b e  c a l ib r a t io n .  F i n a l l y ,  lo w  f r e q u e n c ie s  
g iv e  g o o d  p e n e t r a t io n  o f  th e  c o n d u c t o r ,  a l lo w in g  d e t e c t io n  o f  d e fe c t s  l y i n g  w e ll  b e lo w  t h e  
c o n d u c t o r  s u r f a c e .
E a r l y  lo w - f r e q u e n c y  w o r k  in c lu d e s  t h a t  b y  M .  L .  B u r r o w s [ 3 3 ]  w h o  c o n s id e r e d  a  s p h e r i c a l  
c a v i t y  i n  a  m e t a l  in  t h e  l i m i t  i n  w h ic h  th e  d e fe c t  is  s m a ll .  T .  G .  K i n c a i d ,  K .  F o n g  a n d  
M .  V .  K .  C h a r i [ 7 0 ]  a n d  T .  G .  K i n c a id [ 7 1 ]  c o n s id e r e d  t h e  c a s e  o f  a n  e l l ip s o id a l  v o id  in  a
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m e t a l,  b o t h  s u b s u r f a c e  a n d  s u r f a c e - b r e a k in g ,  a lt h o u g h  t h e  e ffe c t  o f  t h e  a ir - c o n d u c t o r  in t e r f a c e  
w a s  n o t  s p e c if ic a l ly  a d d r e s s e d .  M o r e  r e c e n t ly ,  S . M .  N a i r  a n d  J .  H .  R o s e [ 8 6 ] e x a m in e d  th e  
lo w - f r e q u e n c y  a s y m p t o t ic  s o lu t io n  f o r  a  h a lf - s p a c e  c o n d u c t o r  c o n t a in in g  a  f la w  o f  a r b i t r a r y  
g e o m e t r y .  T h e y  d e t e r m in e d  t h a t ,  f o r  s o m e  s im p le  f la w  a n d  c u r r e n t  s o u r c e  g e o m e t r ie s ,  t h e  
s o - c a l le d  B o r n  a p p r o x im a t io n  i s  e x a c t  a t  lo w  f r e q u e n c ie s .  S p e c if ic  s o lu t io n s  w e re  a ls o  f o u n d  
f o r  s u r f a c e - b r e a k in g  c r a c k s  t r e a t e d  a s  s e m i- o b la t e  a n d  s e m i- p r o la t e  s p h e r o i d a l  p it s .
I n  t h is  c h a p t e r ,  t h e  lo w - f r e q u e n c y  s o lu t io n  f o r  t h e  c h a n g e  in  p r o b e  im p e d a n c e  d u e  t o  
a n  in f in it e ,  s u r f a c e - b r e a k in g  c r a c k  in  t h e  p r e s e n c e  o f  a  u n if o r m  in c id e n t  f ie ld  is  f o u n d .  A n  
a p p r o a c h  c o m m o n  in  w a v e  s c a t t e r in g  t h e o r y  w i l l  b e  a d o p t e d .  T h e  p r o d u c t  o f  t h e  w a v e n u m b e r ,  
k , a n d  a  c h a r a c t e r i s t i c  f la w  d im e n s io n  s u c h  a s  t h e  d e p t h  o f  t h e  c r a c k ,  d, is  a s s u m e d  t o  
h a v e  a  s m a ll  a b s o lu t e  v a lu e .  E x p r e s s io n s  f o r  t h e  e le c t r o m a g n e t ic  f ie ld  a n d  c h a n g e  i n  p r o b e  
im p e d a n c e  d u e  t o  t h e  f la w  a r e  s o u g h t  in  t h e  f o r m  o f  a  s e r ie s  e x p a n s io n  in  kd. A t  lo w e s t  o r d e r ,  
t h e  f ie ld s  c a n  b e  d e r iv e d  f r o m  a  p o t e n t ia l  s a t is f y in g  t h e  L a p la c e  e q u a t io n  a n d ,  g iv e n  a  f la w  
w i t h  s im p le  g e o m e t ry ,  f a m i l i a r  a n a ly t i c  s o lu t io n s  m a y  b e  u s e d  to  d e t e r m in e  t h e  e d d y - c u r r e n t  
d i s t r i b u t i o n .  H ig h e r  o r d e r  r e s u lt s  m a y  in  p r i n c i p l e  b e  d e t e r m in e d  u s in g  p e r t u r b a t i o n  t h e o r y  
b u t  c o m p l i c a t io n s  a r is e  d u e  t o  t h e  in t e r f a c e  b e t w e e n  t h e  c o n d u c t in g  a n d  n o n - c o n d u c t in g  
m e d ia .  T y p i c a l l y ,  t h e  f ie ld  s c a t t e r e d  b y  t h e  f la w  is  s ig n if ic a n t ly  a ff e c t e d  b y  t h e  p r e s e n c e  
o f  t h e  in t e r f a c e ,  p a r t i c u l a r l y  i f  th e  f la w  is  a t  t h e  s u r f a c e .  T h i s  m e a n s  t h a t ,  in  s e e k in g  a n  
e x p r e s s io n  f o r  t h e  e le c t r o m a g n e t ic  f ie ld ,  c o n t i n u it y  c o n d it io n s  a t  t h e  in t e r f a c e ,  a s  w e ll  a s  
b o u n d a r y  c o n d it io n s  a.t t h e  f la w ,  m u s t  b e  s a t is f ie d .
T h e  g e o m e t r y  o f  t h e  p r o b le m  u n d e r  c o n s id e r a t io n  h e re  is  s h o w n  in  F i g u r e  1 .5 .  T h e  
c o e f f ic ie n t s  o f  t h e  t e r m s  i n  t h e  a s y m p t o t ic  s e r ie s  s o lu t io n  f o r  th e  im p e d a n c e  c h a n g e  a r e  f o u n d  
u p  t o  o r d e r  (kd)4, b e y o n d  w h i c h  t h e  a lg e b r a  b e c o m e s  m o r e  c o m p lic a t e d .  I n  t h e  p u b l ic a t io n s  
m e n t io n e d  a b o v e ,  c o e f f ic ie n t s  f o r  t e r m s  o f  o r d e r  n p  t o  (kd) 2 o n ly  s e e m  t o  h a v e  b e e n  c a lc u la t e d .  
T h e  s o lu t io n  p r e s e n t e d  h e re  re p r e s e n t s ,  t h e re fo r e ,  a  s u b s t a n t ia l  a d v a n c e  i n  t h e  n u m b e r  o f  
t e r m s  o b t a in e d  i n  t h is  t y p e  o f  a s y m p t o t ic  s e r ie s  s o lu t io n .
4.1 Form ulation
A s  m e n t io n e d  in  t h e  in t r o d u c t i o n ,  a n  id e a l  c r a c k  a c t s  a s  a  b a r r ie r  t o  t h e  f lo w  o f  e d d y - c u r r e n t s ,  
p r o d u c i n g  a  d i s c o n t in u it y  i n  t h e  s c a t t e r e d  f ie ld  w h ic h  m a y  b e  r e p r e s e n t e d  i n  t e r m s  o f  a  s u r f a c e  
d i s t r i b u t i o n  o f  c u r r e n t  d ip o le s [ 2 2 ], p  =  ph, w h e r e  n is  th e  u n it  v e c t o r  n o r m a l  t o  t h e  c r a c k .
105
T h e  d ip o le  d i s t r i b u t i o n  e f f e c t iv e ly  a c t s  a s  th e  s o u r c e  o f  t h e  s c a t t e r e d  f ie ld .  T h i s  p r o b le m  w i l l  
b e  f o r m u la t e d  in  t e r m s  o f  a n  in t e g r a l  e q u a t io n  w h ic h  w i l l  b e  s o lv e d  f o r  p .  T h e  im p e d a n c e  
c h a n g e  d u e  t o  t h e  p r e s e n c e  o f  th e  c r a c k ,  A Z ,  w i l l  t h e n  b e  c a lc u la t e d  b y  m e a n s  o f  a  r e la t i o n  
d e r iv e d  f r o m  t h e  r e c i p r o c i t y  r e la t io n s h ip ,  g iv e n  in  ( A . 7 ) .  T h e  in t e g r a l  e q u a t io n  f o r m u la t i o n  
le n d s  i t s e lf  to  s o lu t io n  u s in g  p e r t u r b a t io n  m e t h o d s  a n d  le a d s  t o  a n  a s y m p t o t ic  s e r ie s  s o lu t io n  
f o r  b o t h  p  a n d  A Z .  T h e  f ie ld  e q u a t io n s  w i l l  b e  c o n s id e r e d  i n i t i a l l y  f o r  a n  a r b i t r a r y  c u r r e n t  
s o u r c e  a n d  a  c o n d u c t o r  w h o s e  in t e r f a c e  w it h  a i r  is  d e f in e d  b y  t h e  p la n e  2  =  0  a n d  w h ic h  
c o n t a in s  a  c r a c k  l y i n g  in  t h e  p la n e  d e fin e d  b y  a: =  0 . T h e  e q u a t io n s  w i l l  b e  a d a p t e d  l a t e r  
f o r  t h e  s p e c if ic  t w o - d im e n s io n a l p r o b le m  o f  t h e  in f in it e ,  s u r f a c e - b r e a k in g  c r a c k  in  a  u n if o r m  
in c id e n t  f ie ld .  T h e  s c a t t e r e d  e le c t r ic  f ie ld  c a n  b e  e x p r e s s e d  i n  in t e g r a l  f o r m  in  t h e  f o l lo w i n g  
w a y :
E ( s ) ( r )  =  iupo f  G ( r ,  r / ) . p ( r /)  dS\  ( 4 . 1 )
J Sq
w h e r e  G ( r , r ' )  is  a  h a lf - s p a c e  d y a d ic  G r e e n ’s f u n c t io n  f o r  a  s o u r c e  in  t h e  c o n d u c t o r ,  t h e  
p r im e d  c o - o r d in a t e s  a r e  s o u r c e  c o - o r d in a t e s  a n d  So is  t h e  s u r f a c e  o f  t h e  s o u r c e .  T h e  t o t a l  
e l e c t r ic  f ie ld  m a y , t h e r e f o r e ,  b e  w r it t e n  a s  t h e  s u m
E ( r )  =  E ( i > ( r )  +  iu n  f  G ( r , r ' ) . p ( r ' )  dS', ( 4 . 2 )
JS q
w h e r e  E ^ l ( r )  is  t h e  in c id e n t  e le c t r ic  f ie ld .  T h e  G r e e n ’s f u n c t io n  e n s u r e s  t h a t  t h e  e le c t r ic  
f ie ld  s a t is f ie s  M a x w e l l ’s e q u a t io n s  in  t h e  q u a s i- s t a t ic  l i m i t  a n d  t h a t  t h e  t a n g e n t ia l  c o m p o ­
n e n t s  o f  th e  e le c t r ic  a n d  m a g n e t ic  f ie ld s  a r e  c o n t in u o u s  a t  t h e  a ir - c o n d u c t o r  in t e r f a c e .  A n  
e x c e lle n t  d is c u s s io n  c o n c e r n in g  t h e  u s e  o f  d y a d ic  G r e e n ’s f u n c t io n s  in  e le c t r o m a g n e t ic  t h e o r y  
is  g iv e n  b y  C . - T .  T a i[ 1 0 7 ] .  E q u a t i o n  ( 4 . 2 )  is  a p p r o p r ia t e  f o r  a  t h r e e - d im e n s io n a l  s y s t e m .  I t s  
t w o - d im e n s io n a l  f o r m  w i l l  b e  s o lv e d  b y  a  p e r t u r b a t io n  m e t h o d  o n c e  s u i t a b le  f o r m s  f o r  i t s  
c o m p o n e n t s  h a v e  b e e n  f o u n d .  T h e  in c id e n t  e l e c t r ic  f ie ld  is  k n o w n .  T h e  f o r m s  o f  t h e  d y a d ic  
G r e e n ’s f u n c t io n  a n d  t h e  c u r r e n t  d ip o le  d e n s it y  d i s t r i b u t i o n  m u s t  b e  c o n s id e r e d .
T h e  d y a d ic  G r e e n ’s f u n c t io n  a p p r o p r ia t e  t o  t h is  p r o b le m  m a y  b e  w r it t e n  a s  fo llo w s [9 4 ]:
G ( r , r ' )  =  G 0 ( r , r ' )  +  G , ( r , r ' )  +  ^ V x  i V '  x  i F ( r , r ' ) ,  ( 4 . 3 )
w h e r e  G o ( r ,  r ' )  is  t h e  f r e e - s p a c e  d y a d ic  G r e e n ’s f u n c t io n ,  G i ( r ,  r ' )  r e p r e s e n t s  t h e  im a g e  s o u r c e  
a n d  t h e  t e r m  c o n t a in in g  F ( r ,  r ' )  d e a ls  w it h  t h e  e ffe c t  o f  t h e  a ir - c o n d u c t o r  in t e r f a c e .  T h e  fre e -  
s p a c e  d y a d ic  G r e e n ’s  f u n c t io n ,  G o ( r , r /),  is  g iv e n  b y
G0(r, r') = [i + L v v l  4>(i, r'), (4.4)
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w h e r e  I  =  xx -j- yy + zz is  t h e  u n it  d y a d  a n d
<f>( r ,  r ' )  =
4 7 r | r  — r ' |  ’
T h e  G r e e n ’s f u n c t io n  r e p r e s e n t in g  t h e  im a g e  s o u r c e ,  G , ( r ,  r ' ) ,  is  g iv e n  b y
1
G t- ( r ,  r ' )  = r' - F v v '
(4.5)
( 4 . 6 )
w h e r e  I '  =  +  yy — zz a n d ,  f o r  a  s y s t e m  in  w h ic h  t h e  a ir - c o n d u c t o r  in t e r f a c e  o c c u p ie s  t h e
p la n e  z — 0 , r"  =  r '  — 2 zz' is  t h e  c o - o r d in a t e  o f  t h e  im a g e  o f  t h e  p o in t  w h o s e  p o s it io n  v e c t o r  
i s  r ' .  T h e  t w o  d im e n s io n a l F o u r i e r  r e p r e s e n t a t io n  o f  V ( r , r ' )  is
V ’( r , 4  =  4 ?  / ° °  r  ( k  ~  7 )  e _ ' r k+i ' ' C ^ - V ' 1 , ( 4 . 7 )
w h e r e ,  t a k in g  r o o t s  w it h  p o s it i v e  r e a l  p a r t ,  k — yjk2 +  k2 a n d  7 =  yjkx +  ky “ and k* 
a n d  ky a r e  F o u r i e r  s p a c e  v a r ia b le s .  I t  ca.n b e  se e n  f r o m  ( 4 . 7 )  t h a t  a  t e r m  o f  o r d e r  k2 is  t h e  
lo w e s t  o r d e r  t e r m  in  F(r, r')10- I t  w i l l  b e  s h o w n  t h a t  it  is  n o t  n e c e s s a r y  t o  in t e g r a t e  ( 4 . 7 )  
w i t h  r e s p e c t  t o  kx a n d  ky s in c e  t h is  t e r m  d o e s  n o t  f e a t u r e  in  t h e  t w o - d im e n s io n a l  in f in it e  
c r a c k  p r o b le m .
T h e  f ir s t  s te p  in  d e t e r m in in g  t h e  c u r r e n t  d ip o le  d e n s it y  d is t r ib u t i o n ,  p ,  is  t o  r e w r it e  ( 4 . 2 )  
i n  t e r m s  o f  a  m a g n e t ic  v e c t o r  p o t e n t ia l,  A ,  w h ic h  r e p r e s e n t s  t h e  s c a t t e r e d  f ie ld :
E ( r )  =  E ^ ( r )  +  — [ V V  +  ifc2 I ] . A ( r ) .
p0<T
( 4 . 8 )
I m p o s i n g  t h e  L o r e n t z  g a u g e  c o n d it i o n  0 1 1  t h e  d iv e r g e n c e  o f  A  le a d s  t o
[ V 2  +  fc2 ] A ( r )  =  - M o P ( r ) ,
t h e  f o r m a l  s o lu t io n  o f  w h ic h  is
A ( r ) = fi0 [  G(A\ r , r ') .p ( r ')  dS*.
JSo
N o t e  t h a t  P ( r )  in  ( 4 . 9 )  is  a  v o lu m e  d e n s it y  d i s t r i b u t i o n  w h e r e a s  p ( r ' )  i n  ( 4 . 1 0 )  is  a  s u r f a c e  
d e n s it y  d is t r ib u t i o n .  T h e  d y a d ic  G r e e n ’ s f u n c t io n  f o r  t h e  v e c t o r  p o t e n t i a l  is  g iv e n  b y
( 4 . 9 )
( 4 . 1 0 )
G < A > ( r , r ' )  =  I $ ( r , r ' )  +  I ' < £ ( r , r " )  +  ^ j V x  I V '  X I V ( r , r ' ) . (4.11)
10 Write:
( k 2 -  &2) ” = =  ( k 2) ' 1 - 1  +
7 . o l
+  ...
107
E(r,r') = E(i>(r,r') +  i  [ w  + *2ll / G(A>(r,r').p(r') dS’. 
<7 L 1 J So
Equation (4.8) becomes
(4.12)
B y  i n s e r t i n g  ( 4 . 1 1 )  in t o  ( 4 . 1 2 )  a n d  t a k in g  c a r e  t o  e x c h a n g e  in t e g r a l  a n d  d if f e r e n t ia l  o p e r a t o r s  
o n ly  in  s u c h  a  w a y  a s  t o  le a v e  t h e  e q u a t io n  u n c h a n g e d ,  it  m a y  r e a d i l y  b e  v e r if ie d  t h a t  ( 4 . 1 2 )  
a n d  ( 4 . 2 )  a r e  e q u iv a le n t .
T h e  c r a c k  is  a s s u m e d  t o  a c t  a s  a  p e r f e c t  b a r r i e r  t o  t h e  f lo w  o f  e d d y - c u r r e n t s  w h ic h  m e a n s  
t h a t  t h e  n o r m a l  c o m p o n e n t  o f  t h e  e le c t r ic  f ie ld  a t  t h e  s u r f a c e  o f  t h e  c r a c k  is  z e ro ,  ( 1 . 1 1 ) .  
F o r m i n g  t h e  s c a l a r  p r o d u c t  o f  ( 4 . 1 2 )  w i t h  t h e  u n i t  n o r m a l  to  t h e  c r a c k  fa c e ,  x , g iv e s
Off 
dy2Js0
( 4 . 1 3 )
w h e r e  « /id ( r )  =  < j E ^ ^ ( r ) . , r .  N o w  r e c a l l,  f r o m  e q u a t io n  ( 1 . 3 7 ) ,  t h a t  t h e  d ip o le  d e n s it y  is  
r e la t e d  t o  t h e  d is c o n t in u it y  i n  t h e  c o m p o n e n t  o f  t h e  e le c t r ic  f ie ld  t a n g e n t ia l  t o  t h e  c r a c k  fa c e s  
in  t h e  f o l lo w in g  w a y :
4 ° ( r )  + J s  [«6 ( r ,  r ' )  +  <6 ( r , r " ) ] p ( r ' )  d S ' - A f  dS' =  0 ,  r  e
E t ( r ) | a. - 0+ -  E ^ r j l a - s o -  =  V < p ( r ) , ( 4 . 1 4 )
w h e r e  V *  is  t h e  d if f e r e n t ia l  o p e r a t o r  t r a n s v e r s e  t o  t h e  c r a c k  fa c e s .  C o n v e n t io n a l ly ,  p is  p o s it iv e  
f o r  d ip o le s  d ir e c t e d  t o w a r d s  t h e  p o s it iv e  s id e  o f  t h e  la y e r .  T h e  d ip o le  d e n s it y  m a y  b e  r e la t e d  
to  a  ju m p  i n  t h e  n o r m a l  g r a d ie n t  o f  t h e  v e c t o r  p o t e n t ia l  a t  t h e  c r a c k  v i a  ( 4 . 8 ) .  I n  f in d i n g  
t h is  r e la t i o n s h i p  i t  i s  o b s e r v e d  t h a t  t h e  v e c t o r  p o t e n t i a l  o f  a  v e r t ic a l  c r a c k  w it h  it s  n o r m a l  in  
th e  a - d ir e c t i o n  h a s  o n ly  x- a n d  ^ - c o m p o n e n t s .  T h e  ^ - c o m p o n e n t  a r is e s  s o le ly  f r o m  c o u p lin g  
b e t w e e n  t h e  x- a n d  ^ - c o m p o n e n t s  o f  t h e  v e c t o r  p o t e n t ia l  a t  t h e  s u r f a c e  o f  th e  c o n d u c t o r  b y  
th e  p a r t  o f  t h e  G r e e n ’s f u n c t io n  G ( a ), g iv e n  b y  ( 4 . 1 1 ) ,  w h ic h  c o n t a in s  F ( r , r ' ) .  S in c e  b o t h  
t h e  in c id e n t  e l e c t r i c  f ie ld  a n d  t h e  f ie ld  r e f le c t e d  a.t t h e  a ir - c o n d u c t o r  in t e r f a c e  a r e  c o n t in u o u s  
a c r o s s  t h e  c r a c k ,  i t  is  f o u n d  t h a t  t h e  d is c o n t in u it y  in  t h e  t a n g e n t ia l  e le c t r ic  f ie ld  a c r o s s  t h e  
c r a c k  d e p e n d s  o n l y  o n  t h e  n o r m a l  c o m p o n e n t  o f  t h e  v e c t o r  p o t e n t ia l:
dAx(r )
E , ( r ) U o + -  E , ( r ) | I = o_ =  — V ,  1 9AWp0G dx dx 27=0 —
C o m p a r i n g  ( 4 . 1 4 )  w i t h  ( 4 . 1 5 )  g iv e s
P( r )  =  “
1  /  dAx(r) dAx(r) 2  dAx(r )
P o  \  dx 27=0 + dx x - Q - j
H<£>
1 
°
 
1 
=4. 
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27=0+
( 4 . 1 5 )
( 4 . 1 6 )
E q u a t i o n s  ( 4 . 1 3 )  a n d  ( 4 . 1 6 )  t o g e t h e r  d e fin e  t h e  c o n d it io n s  w h ic h  m u s t  h e  m a t c h e d  b y  t h e  
m a g n e t ic  v e c t o r  p o t e n t ia l  o n  t h e  c r a c k .  O n c e  t h e  v e c t o r  p o t e n t ia l  h a s  b e e n  d e t e r m in e d ,  t h e
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4 i)W  + [  [<£(r, r ')  +  <p(r, r " ) ]p ( r ' )  d S ' =  0 r  €  S o - ( 4 . 1 7 )JSn
c u r r e n t  d ip o le  d e n s it y  o n  t h e  c r a c k  is  f o u n d  fr o m  ( 4 . 1 6 ) .  T h e  c h a n g e  in  p r o b e  im p e d a n c e  d u e  
t o  t h e  f la w  c a n  t h e n  b e  c a lc u la t e d  u s in g  t h e  r e la t io n  d e r iv e d  in  A p p e n d i x  A ,  ( A . 8 ) .
C o n s i d e r  t h e  s y s t e m  o f  F i g u r e  2 .9 .  T h e  c r a c k  is  o f  in f in it e  e x t e n t  in  t h e  ^ - d im e n s io n  a n d  
t h e  in c id e n t  f ie ld  is  in d e p e n d e n t  o f  y w h ic h  m e a n s  t h a t  t h e  d ip o le  d e n s it y  is  a ls o  in d e p e n d e n t  
o f  y. I n t e g r a t i o n  b y  p a r t s  s h o w s  t h a t  t h e  t e r m  c o n t a in in g  V  in  ( 4 . 1 3 )  v a n is h e s ,  le a v in g
a2
■ + k‘
's0
I n  t h e  r e m a i n d e r  o f  t h e  p la n e  o f  t h e  c r a c k  ( t h e  p a r t  n o t  o c c u p ie d  b y  th e  c r a c k  i t s e l f ) ,  d e n o t e d  
b y  Si, t h e  b o u n d a r y  c o n d it i o n  o n  t h e  m a g n e t ic  v e c t o r  p o t e n t ia l  is  g iv e n  b y
4 4 =  0 r € , ? 1 ' ( 4 ' 1 8 )
E q u a t i o n  ( 4 . 1 7 ) ,  t o g e t h e r  w i t h  t h e  p a r i t y  c o n d it io n  ( 4 . 1 8 ) ,  d e fin e s  t h e  m ix e d  b o u n d a r y  v a lu e  
p r o b le m  i n  t h is  t w o - d im e n s io n a l  c a s e . U n d e r  t h e s e  c ir c u m s t a n c e s ,  im a g e  t h e o r y  is  a p p l ic a b le  
a t  a l l  o r d e r s ,  e n a b lin g  e x t e n s io n  o f  t h e  r e g io n  o f  in t e g r a t io n  i n  ( 4 . 1 7 )  t o  in c lu d e  t h e  im a g e  o f  
t h e  c r a c k  o b t a in e d  o n  r e f le c t in g  t h e  c r a c k e d  c o n d u c t o r  i n  t h e  in t e r f a c e  p la n e .  T h i s  e x t e n s io n  
i s  a c h ie v e d  b y  s u b s t i t u t in g  —z' f o r  z' i n  t h e  p a r t  o f  t h e  in t e g r a n d  o f  ( 4 . 1 7 )  w h i c h  in v o lv e s  t h e  
im a g e  G r e e n ’s f u n c t io n .  T h e  n e w  r e g io n  o f  in t e g r a t io n  is  d e fin e d  b y  C o .  I n  a  s i m i l a r  w a y ,  
t h e  p a r i t y  c o n d it i o n  is  n o w  a p p l ie d  t o  a  re g io n  C i  c o n s is t in g  o f  t h e  e n t ir e  p la n e  o f  t h e  c r a c k  
e x c lu d in g  C o -  T h e  r a n g e  o f  t h e  f u n c t io n s  . / W ( r )  a n d  P( r 0  1S e x t e n d e d  b y  a s s u m in g  t h a t  t h e s e  
f u n c t io n s  a r e  e v e n  in  z . T h i s  e n s u r e s  t h a t ,  o v e r  t h e  h a l f  r a n g e  z  <  0 , w e  o b t a in  t h e  s a m e  
s o lu t io n  a s  w e  w o u ld  f r o m  ( 4 . 1 7 )  a n d  ( 4 . 1 8 ) .  E q u a t i o n s  ( 4 . 1 7 )  a n d  ( 4 . 1 8 )  b e c o m e :
4 °M + F  4 J /  </>(*. t' )p (t ' )  ~ P r  6 Co (4.19)
=  o r e C j .  ( 4 . 2 0 )
I t  is  p o s s ib le  t o  in t e g r a t e  o u t  t h e  y' v a r ia b le  in  t h e  G r e e n ’s f u n c t io n  cp(r, r ')  g iv e n  b y  
e q u a t io n  ( 4 . 5 ) .  T h e  a p p r o p r ia t e  t w o - d im e n s io n a l  G r e e n ’s f u n c t io n ,  r e p r e s e n t in g  a n  o u t g o in g  
w a v e  w i t h  a  b o u n d a r y  a t  in f in it y ,  is  g iv e n  b y
L
w h e r e  |r — r'| =  >/(‘r  “  * 0 2 +  (v ~  v')2 +  ( z ~  z ')2> r — V ( x ~  x ')2 +  (z ~  Z'Y  and ( i ) is
t h e  z e r o t h  o r d e r  H a n k e l  f u n c t io n  o f  t h e  f ir s t  k in d .  T h e  H a n k e l  f u n c t io n  o f  t h e  f ir s t  k i n d  is  t h e
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c o r r e c t  G r e e n ’s f u n c t io n  in  t w o  d im e n s io n s  f o r  o u t g o in g  w a v e s  w it h  a  b o u n d a r y  a t  in f in it y .  
I t  e x h ib it s  a  l o g a r it h m ic  s in g u l a r it y  a t  th e  o r ig in ,  a s  is  r e q u ir e d  i n  t h e  t w o - d im e n s io n a l  c a s e .  
E q u a t i o n s  ( 4 . 1 9 )  a n d  ( 4 / 2 0 )  m a y  n o w  b e  w r it t e n
pojW (0 ,z) + d2
dx2
+ k2 Ax(x , z) =  0 \z\ <  7 ,
x=x '—Q
w h e r e
a n d
Ax(x,z) -  - P o ^ J  H ^ \k r)p (z ')  dz 
dAx(x,z)
dx =  0 x =  0 , \z\ >  7
( 4 . 2 1 )
( 4 . 2 2 )
( 4 . 2 3 )
f o r  t h e  s p e c if ic  g e o m e t r y  i n  q u e s t io n .  W e  w il l  p r o c e e d  t o  s o lv e  t h e s e  e q u a t io n s  f o r  dAxjdx  
f r o m  w h ic h  t h e  d ip o le  d e n s it y  c a n  b e  d e d u c e d  u s i n g  ( 4 . 1 6 ) .
4.2 Series Solution
T h e  f o r m  o f  t h e  s e r ie s  s o lu t io n s  o b t a in e d  f o r  t h e  d ip o le  d e n s it y  a n d  im p e d a n c e  c h a n g e  is  
d ic t a t e d  b y  t h e  f o r m  o f  t h e  lo w - f r e q u e n c y  a s y m p t o t ic  e x p a n s io n  o f  t h e  H a n k e l  f u n c t io n .  T h e  
a s y m p t o t ic  e x p a n s io n  o f  t h e  H a n k e l  f u n c t io n  o f  t h e  f ir s t  k i n d  f o r  s m a ll  a r g u m e n t  is  g iv e n  
b y 1 1  [9]
. | i . ( f ) + ( 1 + a ) _ | ( i ) - , . g ) _ ( l t s e a ) ( § ) V , „
w h e r e  7  is  E u l e r ’s c o n s t a n t .  F r o m  ( 4 . 2 4 ) ,  a s e r ie s  s o lu t io n  f o r  p o f  t h e  f o l lo w in g  f o r m  is  
a n t ic ip a t e d :
OO
P = Y 2  [pn(k) + qn(k)], ( 4 . 2 5 )
n = 0
=  3 »(z )  +  i Y „ ( * ) ,
1 _2 r 1 _2\2 / 1 _2n3
T / _  -I 7~ , V?" / 14 * >
~  ( I ! ) 2 (2!)2 (3!)2
Y ° (2) =  +  +  _ ( 1 +  | ) ^(2!)2" +  ( 1 +  i  +  i ) % ) ^ " _ ‘ " } ’
where J „  and Y„ are Bessel functio ns o f the first and second kinds respectively and of order v and 7  is  E u le r’s 
constant.
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w h e r e  pn(k) — anknh\k , r)n(k) =  bnkn a.nd an a n d  bn a r e  c o n s t a n t  c o e f f ic ie n t s .  T h e  t e r m s  in  
t h is  s e r ie s  o b e y  t h e  f o llo w in g  o r d e r i n g  c r it e r ia .[8 3 ]:
l i m  2 & 1  =  0 ,
k-* 0 £in (fc )
l i m  { W l M  =  o ,
k— > 0  T}n(k)
( 4 . 2 6 )
s in c e  kn/(k n I n  k )  —» 0  a n d  k n + 1  I n  k /k n -* 0  a s  k - »  0 .
I t  i s  n o w  p o s s ib le  t o  o r d e r  e q u a t io n  ( 4 . 2 1 ) .  W r i t e  ( 4 . 2 1 )  a s  f o llo w s :
4*'>+£p = 0 \z| <  d , ( 4 . 2 7 )
w h e r e
[ £ r  +  * 2]  3  £  * ° 1 )(fc r )L , =0 • (4 -28 )
T h e  w a y  in  w h ic h  ( 4 . 2 8 )  is  o r d e r e d  d e p e n d s  o n  ( 4 . 2 4 ) .  S u b s t i t u t in g  in t o  ( 4 . 2 8 )  f o r  H ^  f r o m  
( 4 . 2 4 )  a n d  p e r f o r m i n g  t h e  d o u b le  d if f e r e n t ia t io n  le a d s  t o  t h e  f o l lo w in g  d e f in it io n s :
i  rd l
£ k0 =  / dz‘- ----—
2?r J~d (z - z')2
Ck 2  =  — 1 4 — ( 2 7  4 - 1 )
7T T T  f8  J-d
( 4 . 2 9 )
( 4 . 3 0 )
( 4 . 3 1 )
T h e  t e r m s  Cko \nk, £ ki \nk a n d  £ ki a r e  z e r o . F o r  a  u n if o r m  in c id e n t  f ie ld  d ir e c t e d  n o r m a l  to  
t h e  c r a c k  fa c e ,
)3 yu\4.
jb )  = ikH q e{klzl = H q ik  +  ( « o 2 M  +  W 3  + . .  ■ ( 4 . 3 2 )
a  s im p le  p o w e r  s e r ie s  e x p a n s io n .  I t  is  f o u n d  t h a t ,  u p  t o  t e r m s  o f  o r d e r  k3  i n  t h e  s e r ie s  s o lu t io n  
f o r  p ,  t h e  o r d e r i n g  o f  ( 4 . 2 7 )  r e s u lt s  in
J y  +  L ko p ki 
J k 2 4 -  C ko p k2
( £ p ) / ,3  ink  +  £ ko P k3\nk
J k 3 +  ( C p ) kZ +  C y p k3
T h e  t e r m s  ( C p ) kz\nk  a n d  ( £ p ) kz a r e  b r a c k e t e d  s in c e  c o n t r ib u t i o n s  t o  t h e m  b o t h  a r is e  f r o m  
Ck2 infcPfci • T h e  o r d e r in g  a llo w s  t h e  H e lm h o lt z  p r o b le m  o f  ( 4 . 2 7 )  t o  b e  d r a m a t i c a l l y  s i m p l i ­
f ie d . E q u a t i o n s  ( 4 . 3 3 ) - ( 4 . 3 6 )  e s s e n t ia lly  r e d e f in e  t h e  p r o b le m  a t  e a c h  o r d e r  in  k s o  t h a t  t h e
0 ( 4 . 3 3 )
0 ( 4 . 3 4 )
0 ( 4 . 3 5 )
0. ( 4 . 3 6 )
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i n d i v i d u a l  t e r m s  i n  t h e  s e r ie s  e x p a n s io n  f o r  p a r e  e a c h  a  s o lu t io n  o f  L a p la c e ’s e q u a t io n .  T h i s  
s im p l if i c a t io n  is  f u n d a m e n t a l  t o  t h e  p e r t u r b a t io n  m e t h o d  o f  s o lu t io n .  F r o m  ( 4 . 3 3 ) - ( 4 . 3 6 )  it  
is  c le a r  t h a t  t h e  f i r s t  f o u r  n o n - z e r o  t e r m s  in  t h e  s e r ie s  e x p a n s io n  f o r  p a r e
P — Pki + Pm  + PM ink + Pm  + ------  ( 4 - 3 7 )
W e  p r o c e e d  t o  f in d  t h e s e  t e r m s  b y  s o lv in g  e q u a t io n s  ( 4 . 3 3 ) - ( 4 . 3 6 ) .
4.2.1 Equivalent Current Dipole Distribution
T h e  t e r m s  in  t h e  e x p a n s io n  f o r  t h e  d ip o le  d e n s it y  a r e  f o u n d  f r o m  ( 4 . 3 3 ) - ( 4 . 3 6 )  w h ic h  a r e  n o w  
w r it t e n  in  t h e  f o l lo w i n g  e q u iv a le n t  f o r m :
+  =  0 (4-38)
h 7  +  \ W ) k l  =  0 *4 -39>
fMlnk + f% ~ r )  = 0 (4*40)
1 Mink
' * * +  ( ? £ ) *  “  ° ‘ ( 4 ' 4 1 )  
C a l l i g r a p h i c  n o t a t i o n  f o r  t h e  v e c t o r  p o t e n t ia l  ( A )  is  u s e d  f r o m  n o w  o n  t o  e m p h a s is e  t h a t  
th e s e  dAx/dx  a r e ,  i n d i v i d u a l l y ,  s o lu t io n s  o f  L a p l a c e ’s e q u a t io n  in  t w o  d im e n s io n s .  T h e  
p e r t u r b a t io n  t h e o r y  h a s  r e d u c e d  t h e  p r o b le m  t o  t h a t  o f  s o lv in g  e q u a t io n s  ( 4 . 3 8 ) - ( 4 . 4 1 )  w h ic h  
a r e  o f  t h e  s a m e  f o r m .  T h e  ‘ c u r r e n t  s o u r c e s ’ f o r  e a c h  o r d e r  a r e ,  f r o m  ( 4 . 3 3 ) - ( 4 . 3 6 ) ,
I m =  PoJ m ( 4 . 4 2 )
Im = PqJm  (4-43)
fk3 In k ~  P'0(L,P )m  In k ( 4 . 4 4 )
fM  = Po [Jm  + [ £ p ) m ]- ( 4 . 4 5 )
E q u a t i o n s  ( 4 . 3 8 ) - ( 4 . 4 1 ) ,  t o g e t h e r  w i t h  t h e  p a r i t y  c o n d it i o n
dAx(x,z)
dx
0  x — 0 ,  \z\ > d, ( 4 . 4 6 )
d e fin e  t h e  o r d e r e d  p r o b le m  f o r  lo w - f r e q u e n c y  a n a ly s is  o f  t h e  s u r f a c e - b r e a k in g  c r a c k .  T h e  
s o lu t io n ,  v i a  a  d u a l  in t e g r a l  e q u a t io n  m e t h o d ,  is  p r e s e n t e d  in  A p p e n d i x  F .  T h e  f o l lo w in g
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r e s u lt  is  o b t a in e d :
d A ^ x ^ )  =  _  2  rd N 1 e _ ua? cos(zu  ^ dw di dUt ( 4 > 4 7 j
dx ■ 7T Jo Jo Jo y/t2 — XU2
T h e  t e r m s  i n  t h e  s e r ie s  s o lu t io n  f o r  p a r e  n o w  f o u n d  b y  e v a lu a t in g  ( 4 . 4 7 )  f o r  e a c h  o r d e r  
u s i n g  t h e  a p p r o p r ia t e  ‘ c u r r e n t  s o u r c e ’ g iv e n  i n  ( 4 . 4 2 ) - ( 4 . 4 5 ) .  T h e  s o lu t io n  f o r  pki p r o c e e d s  
a s  f o llo w s .  F r o m  e q u a t io n s  ( 4 . 4 2 )  a n d  ( 4 . 3 2 ) ,
fky(z) =  p0H 0ik . ( 4 . 4 8 )
S u b s t i t u t in g  in t o  ( 4 . 4 7 )  g iv e s ,  f o r  t h e  in n e r  in t e g r a l,
(4'49)
I n t e g r a t i o n  w i t h  r e s p e c t  t o  t i n  ( 4 . 4 7 )  is  t h e n  p e r f o r m e d  b y  m e a n s  o f  a  s im p le  c h a n g e  o f  
v a r i a b l e  a n d  b y  u s i n g  t h e  r e s u lt  g iv e n  b e lo w 12[1 4 ], y ie ld in g
( =  - p 0 H0ikd  c o s  (zu) du. ( 4 . 5 0 )
V dx J k 1  Jo U
N o w  w r it e  c o s ( z w )  = R . e ( e -l2:w )  s o  t h a t
( ~ p )  =  - p0 H0ikd  R e  Q T °  duj , ( 4 . 5 1 )
w h e r e  C —  ® +  i z- U s in g  a n o t h e r  s t a n d a r d  i n t e g r a l 1 3 [43] g iv e s
S "4 lN ' =  -poHoikd  R e  ( ^  + f , ( 4 .5 2 )
dx J k 1 \  d /
f r o m  w h ic h  i t  i s  s im p le ,  u s in g  ( 4 . 1 6 ) ,  t o  f in d
pki (z) =  2HoikVd2 -  z2. ( 4 . 5 3 )
T h i s  h ig h e s t  o r d e r  t e r m  i n  t h e  s e r ie s  e x p a n s io n  o f  p b e h a v e s  a s  e x p e c t e d ;  pki is  e v e n  in  z a n d  
t e n d s  t o  z e r o  a t  t h e  c r a c k  e d g e .
Jo
r ° °  dx ( y / a 2 +  82 -  o f f
/ =  L Z ----- I A --------L t Re(„) >  0, Re(ar) <  \lm(0)\.Jo x VP
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T h e  c a l c u l a t i o n  o f  pk 2  p r o c e e d s  s i m i l a r l y ;  b y  e v a lu a t in g  ( 4 . 4 7 )  w it h  ‘ c u r r e n t  s o u r c e ’ fa2 . 
F r o m  ( 4 . 4 3 )  a n d  ( 4 . 3 2 ) ,
/ * * ( * )  =  -  ( 4 . 5 4 )
a n d  t h e  in n e r  i n t e g r a l  o f  ( 4 . 4 7 )  is  n o w
Jo
w
y/t2 — W2
dw =  t. ( 4 . 5 5 )
T h e  r e m a i n in g  t w o  in t e g r a ls  in  ( 4 . 4 7 )  a r e  e v a lu a t e d  b y  n o t in g  t h a t  i n  t h e  p la n e  o f  t h e  c r a c k  
e-ux __ 1 a n c j r e v e r s in g  t h e  o r d e r  o f  in t e g r a t io n .  T h e  r e s u lt i n g  in t e g r a l  i s 14[44]
roo I
J  ^ J o (tu) c o s (zu) du -  -J= = = = , z < t, ( 4 . 5 6 )
w h ic h  y ie ld s
( 9- f r )  I
A  ox J k2 .
2 p 0 k 2 H 0 f d t 2
a:=0
) *  J
dt, z < t. ( 4 . 5 7 )
T h e  in t e g r a l  o f  ( 4 . 5 7 )  m a y  b e  e v a lu a t e d  b y  t h e  c h a n g e  o f  v a r i a b le  t =  z  c o s h  x . F r o m  ( 4 . 1 6 )  
w e  f i n a l l y  o b t a in
, . 2H0k2
PkAz) = --------------- “
7T
( 4 . 5 8 )
I n  o r d e r  t o  f in d  t h e  t e rm s  p^ink  a n d  PMi t h e  ‘ c u r r e n t  s o u r c e s ’ fk*\nk and A 3 m u s t  b e  
f o u n d .  E v a l u a t i o n  o f  C&inkPki r e v e a ls  t e r m s  o f  o r d e r  b o t h  k3\nk  a n d  k3 . U s in g  Ctfink  a n d  
Pk 1 , g iv e n  b y  ( 4 . 3 0 )  a n d  ( 4 . 5 3 )  r e s p e c t iv e ly ,  it  e m e rg e s  t h a t  t h e  d e t e r m in a t io n  o f  £k2\nkPM 
i n v o lv e s  e v a lu a t i o n  o f  a n  in t e g r a l  o f  t h e  k in d :
f d y jl — (z'/d)2\n z2 — z’2 dz'.
J —d ( 4 . 5 9 )
R e w r i t i n g  ( 4 . 5 9 )  a s  f o llo w s :
L
4 ( 1
j  s / i  -  w r w
(4.60)
r  J „ (a z ) c o s ( /S i)  dx =  t o - » t c r i n ( 9 / « ) )  
Jo y/a2 -  02
(3 < a.
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a n d  r e c o g n is in g  t h a t  [1 — ( z ' / d ) 2]  =  | [ T o ( 2 ' / c f )  “  ^ ( z ' / d ) ]  ( w h e r e  t h e  T n a r e  C h e b y s h e v  
p o ly n o m ia ls  o f  t h e  f ir s t  k i n d 15) e n a b le s  t h e  e v a lu a t io n  o f  ( 4 . 5 9 )  b y  m e a n s  o f[1 0 8 ]
I  r
7T J- a
f x >\ --------------- (  a  In  T 0 ( f )  n  =  0 ,
: T n ( —  ) l n > / ® 2 - « /2 d x '  = { KaJ ( 4 . 6 1 )
\  a J (A \ T  . 77 -  1 9V L - W J y  (  ( t )  T „  ( f )  =  1 , 2 , . .
T h i s  g iv e s
H 0i k 3d 2 
£ y  in kPk1 — -------:------- i f kd\  1( t )  + 2 + V<i
2
( 4 . 6 2 )
_  . H g i k 3d 2 , f k d \
(I-'P)k3\nk j ( /i ) ’ ( 4 . 6 3 )
T h e  t e r m  o f  o r d e r  k3 I n  k is  c le a r ly
oik3d2 11.3 i_ ?. zz 1 I Tl I ‘
a n d ,  f r o m  ( 4 . 4 4 ) ,
pvHaikH2, ( kd \
=  J -------- l n  ( l "J • ( 4 -6 4 )
T h e  r e m a i n in g  t e r m s  i n  ( 4 . 6 2 )  c o n t r ib u t e  t o  ( £ p ) k3. T h e  e v a lu a t io n  o f  £ k2p ki fr o m  ( 4 . 3 1 )
a n d  ( 4 . 5 3 )  is  s t r a ig h t f o r w a r d  a n d ,  c o m b in e d  w i t h  t h e  a p p r o p r ia t e  t e r m s  f r o m  ( 4 . 6 2 )  g iv e s
( £ p ) k3  =  \d2 ( l  +  7  “  “ * )  +  z 2]  ( 4 . 6 5 )
F r o m  ( 4 . 4 5 )  w i t h  ( 4 . 3 2 )  a n d  ( 4 . 6 5 )  w e  f in d
- PoHoik3 
Jk3 = d2 [ 1 +  7 - f  ) ~ ^ 24  -  , - . . „  , -  • ( 4 -6 6 )
N o w  t h a t  f kz\nk a n d  f k3 h a v e  b e e n  e v a lu a t e d  i t  is  p o s s ib le  t o  p r o c e e d  t o  f in d  pks\nk a n d  
p k3. I n  c a lc u la t in g  p k 3 \n k t h e  in t e g r a t io n s  f o l lo w  a s  i n  t h e  c a s e  o f  p ki s in c e  f kz [n k h a s  n o  
2 - d e p e n d e n c e :
P k 3 in k =  I n  ^  y )  d 2 V d 2 -  22 . ( 4 . 6 7 )
L a s t ly ,  pk3 is  f o u n d  b y  e v a lu a t in g  ( 4 . 4 7 )  f o r  a  ‘ c u r r e n t  s o u r c e ’ g iv e n  b y  ( 4 . 6 6 ) .  T h e  f ir s t  
t e r m  i n  f k3  h a s  n o  2 - d e p e n d e n c e  a n d  t h e  in t e g r a t io n s  f o l lo w  a s  f o r  pk l. T h e  s e c o n d  t e r m ,  
h o w e v e r ,  le a d s  to  in t e g r a ls  w h ic h  h a v e  n o t  b e e n  d e a lt  w it h  p r e v io u s ly .  T h e  in n e r  in t e g r a l  in  
( 4 . 4 7 )  f o r  t h e  s e c o n d  t e r m  in  ( 4 . 6 6 )  is  e a s i ly  e v a lu a t e d :
L
t t/)2 7rt2
, -■■rByawgsaM dw =  — . ( 4 . 6 8 )
o V W -  w2 4
T o (z )  =  1
T 2( s )  =  2 s 2 — 1
115
The integral with respect to t is then
rd.
/  t3 Jo(tu) dt. 
JO
(4.69)
T h i s  m a y  b e  s o lv e d  b y  m e a n s  o f  t h e  s t a n d a r d  in t e g r a l  g iv e n  b e lo w 16[1 2 ]. T h e  f o l lo w in g  is  
o b t a in e d :
fd J 3  1 v ( u _  1 \
I«% ( * )  dt =  g ( 2 *  +  ( 4 . 7 0 )
T h e  r e c i p r o c a l  o f  t h e  g a m m a  f u n c t io n ,  is  a n  e n t ir e  f u n c t io n  w h ic h  p o s s e s s e s  s im p le  z e ro s  
a t  t h e  p o in t s  f o r  w h ic h  z  is  a n  in t e g e r  le s s  t h a n  o r  e q u a l t o  z e r o .  T h i s  m e a n s  t h a t  f ^ T T j is  
z e r o  a n d  h e n c e  a l l  t e r m s  i n  t h e  s e r ie s  f o r  w h ic h  k >  2  v a n is h .  O n l y  t h e  f ir s t  t w o  t e r m s  o f  t h e  
s e r ie s  n e e d  b e  c o n s id e r e d ,  t h e r e f o r e .  E x p r e s s i o n  ( 4 . 7 0 )  r e d u c e s  t o
/ V j o ( f u )  dt -  J _ L _ ( 4 . 7 1 )
N o w
T ( 3 )  =  2  a n d  T ( 4 )  =  6  w h i c h  m e a n s  t h a t
I
d d3
t 3 Jo(tu) dt =  ^ [ J i ( wc0  — J s ( t t 7 ) ] . ( 4 . 7 2 )
T h e  o n ly  in t e g r a l  i n  ( 4 . 4 7 )  w h ic h  r e m a in s  t o  b e  e v a lu a t e d  is  t h a t  w i t h  re s p e c t  t o  u. T h i s  
is  p e r f o r m e d  b y  d e f in in g  £ =  x +  iz  ( a s  in  t h e  c a s e  o f  pki ) ,  u s i n g  t h e  s t a n d a r d  in t e g r a l  o f  
f o o t n o t e  1 3  o n  p a g e  1 1 3  a n d  t a k in g  t h e  r e a l  p a r t  o f  t h e  r e s u lt .  U s in g  ( 4 . 1 6 )  g iv e s
y2
Pk*(z) =  - QlJ—  yjd2 -  Z ;
... . 5  i r \
d ^  + - , - 7 ) - J
( 4 . 7 3 )
T o  s u m m a r is e ,  t h e  e q u iv a le n t  c u r r e n t  d ip o le  d e n s it y  o n  a  t w o - d im e n s io n a l  s u r f a c e - b r e a k in g  
c r a c k  h a s  b e e n  f o u n d ,  in  t h e  lo w - f r e q u e n c y  l i m i t ,  a s  a n  a s y m p t o t ic  s e r ie s :
P — Pd  +  Ph* +  Pk* In k +  Pk3 +  — (4.74)
/JO
■z'Tf “  (y  +  2k +  l)r( — +  k)
di ~ — „-rz+~- J2  r pTn+3 "['/j------ L+Sfc+I(2) + v  + 1) > 0
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whose first four non-vanishing terms are given by
fei (z )  =  2  H 0i k V d 2 - z 2Pm 
Pk2 fa) =
PM lnk(z) =
p m (z) =
2 H p k2 
7r
H 0ik 3
V d 2 z 2 +  —  In  a
d +  a / ^ 2 — 2 2
In “ ) a /S2'
\fd ?
77T \
J +  6  2  3
( 4 . 7 5 )
( 4 . 7 6 )
( 4 . 7 7 )
( 4 . 7 8 )
T h e  r e l a t i v e  m a g n it u d e s  o f  t h e  t e r m s  in  t h e  a s y m p t o t ic  s e r ie s  a r e  c o m p a r e d  i n  F ig u r e s  4 .1  
a n d  4 . 2  f o r  a  c r a c k  o f  d e p t h  d =  0 .1 6 . I t  is  c le a r  t h a t  \pki\ is  d o m in a n t  a n d  t h a t  t h e  
s e r ie s  c o n v e r g e s  r a p id ly .  I n  F i g u r e  4 .3  t h e  a b s o lu t e  v a lu e  o f  p is  p lo t t e d  f o r  c r a c k s  o f  d e p t h  
d =  0 . 1 , 0 . 2 , 0 . 3  a n d  0 .4 6 . T h e  t h e o r y  is  n o t  v a l id  f o r  la r g e r  c r a c k s  s in c e  i t  a s s u m e s  t h a t  
\kd\ <  1. T h e  e q u iv a le n t  c u r r e n t  d ip o le  d e n s it y  i s  e v e n  in  z a n d  t e n d s  t o  z e r o  a t  t h e  b u r ie d  
e d g e  o f  t h e  c r a c k ,  a s  r e q u ir e d .  I t  r e m a in s  t o  c a lc u la t e  th e  im p e d a n c e  c h a n g e  d u e  t o  t h e  
s u r f a c e - b r e a k in g  c r a c k  i n  t h e  lo w - f r e q u e n c y  l i m i t .
4.2.2 Impedance Calculation
T h e  im p e d a n c e  c h a n g e  d u e  t o  t h e  c r a c k  w i l l  b e  c a lc u la t e d  f r o m  t h e  e q u iv a le n t  c u r r e n t  d ip o le  
d i s t r i b u t i o n  o n  t h e  c r a c k  b y  m e a n s  o f  ( 1 . 5 0 ) ,  w h i c h  is ,  a ft e r  s im p le  r e a r r a n g e m e n t ,
A z = 7 p s y * )(z)v{z)dz ( 4 . 7 9 )
I t  c a n  r e a d i l y  b e  d e d u c e d  f r o m  ( 4 . 3 2 ) ,  ( 4 . 3 7 )  a n d  ( 4 . 7 9 )  t h a t  t h e  f ir s t  f o u r  n o n - v a n is h in g  
t e r m s  i n  t h e  a s y m p t o t ic  s e r ie s  f o r  A Z w i l l  b e
A  Z — Zk2 + ZkZ +  Zk4 ln k +  Zk4 +  . . . ,
w h e r e
3 b *
In k
ZM
1
Z p  f a  dz
f 0
/  [JMPM +  J m Pm] dzJ —d
l  r°
T2 J_dJkiPki]nk dz 
1
~P J d +  dk2PM +  JmPm] dz.
l
a l 2
1
a l 2
( 4 . 8 0 )
( 4 . 8 1 )
( 4 . 8 2 )
( 4 . 8 3 )
( 4 . 8 4 )
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—z/8
\P&\/Ho
—z/8
F i g u r e  4 .1 :  T h e  a b s o lu t e  v a lu e  o f  th e  f ir s t  tw o  t e r m s  in  th e  a s y m p t o t ic  s e r ie s  s o lu t io n  f o r  p 
o n  a  c r a c k  o f  d e p t h  d =  0 .1 5 .
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b fc3 I n k +  Pk3\/Ho
F i g u r e  4 .2 :  T h e  a b s o lu t e  v a lu e  o f  t h e  s u m m e d  t h i r d  a n d  f o u r t h  t e r m s  in  t h e  a s y m p t o t ic  s e r ie s  
s o lu t io n  f o r  p o n  a  c r a c k  o f  d e p t h  d =  0 .1 5 .
119
|p|£ffo
F i g u r e  4 .3 :  A b s o lu t e  v a lu e  o f  t h e  e q u iv a le n t  c u r r e n t  d ip o le  d e n s it y  o n  c r a c k s  o f  d e p t h  d 
0 . 1 , 0 . 2 , 0 . 3  a n d  0 .4 5 .
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T h e  in t e g r a ls  o b t a in e d  b y  s u b s t i t u t in g  f o r  J a n d  p in t o  ( 4 . 8 1 ) - ( 4 . 8 4 )  a r e  s t r a ig h t f o r w a r d  t o  
e v a lu a t e .  T h o s e  w o r t h y  o f  n o t e  a r e  o n ly  t h o s e  w h ic h  in v o lv e  pk2 . E v a l u a t i o n  m a y  t h e n  b e  
p e r f o r m e d  b y  s p l i t t i n g  t h e  lo g a r it h m  in t o  a  s u m ,  in t e g r a t i n g  b y  p a r t s  a n d  m a k i n g  t h e  c h a n g e  
o f  v a r i a b le  z = dsmt. I t  is  f o u n d  t h a t
/•» 2 , / d  +  V d 2 - * 2 \U  © 7 J dz = 
dz =
’-d \ z
T h e  t e r m s  i n  t h e  s e r ie s  e x p a n s io n  o f  A Z  a r e  f o u n d  t o  b e
2
7T d3 
~12
~d4
6
Zk 2 
Z y
Zy  In k
Zy
=  i a -
I  J 2
(kdy
-  - K
S o \ 2 4 i
T J
-
' # o n 2
(fe d )4 I n  - r
I
t'K1' 7r
U  ~  8 I 7  +  4
(fe d )5
( 4 . 8 5 )
( 4 . 8 6 )
( 4 . 8 7 )
( 4 . 8 8 )
( 4 . 8 9 )
( 4 . 9 0 )
T h e  r e la t i v e  m a g n it u d e s  o f  t h e  t e r m s  in  t h e  s e r ie s  a r e  c o m p a r e d  i n  F i g u r e  4 .4 .  T h e  a b s o lu t e  
v a lu e  a n d  r e a l  a n d  im a g in a r y  p a r t s  o f  A Z  a r e  p lo t t e d  i n  F ig u r e s  4 . 5  a n d  4 .6  r e s p e c t iv e ly .  
T h e  b e h a v io u r  o f  A Z  is  i n t u i t i v e l y  r e a s o n a b le ,  t e n d in g  t o  z e r o  a s  d —»> 0 . F r o m  F i g u r e  4 .6  
t h e  d o m in a n c e  i n  t h e  m a g n it u d e  o f  I m ( A Z )  o v e r  t h a t  o f  R e ( A Z )  is  c le a r  e v e n  f o r  v e r y  s m a ll  
v a lu e s  o f  d/8. T h i s  p a t t e r n  is  c o n s is t e n t  w it h  t h a t  o b s e r v e d  i n  t h e  h ig h - f r e q u e n c y  l i m i t ,  
s h o w n  in  F i g u r e  3 . 1 5 .
I n  c o n c lu d in g  t h is  c h a p t e r  it  is  n o t e d  t h a t  t h e r e  is  n o  r e a s o n  w h y , i n  p r in c ip l e ,  t h e  s o lu t io n  
s h o u ld  n o t  b e  e x t e n d e d  a n d  h ig h e r  o r d e r  t e r m s  e v a lu a t e d .  T h e  r e s u lt s  o b t a in e d  s o  f a r ,  
h o w e v e r,  in d ic a t e  t h a t  t h e  s e r ie s  f o r  p a n d  A Z  a r e  r a p i d l y  c o n v e r g in g  a n d  l i t t l e  w o u ld  b e  
g a in e d  f r o m  t h e  e f f o r t  in v o lv e d  i n  p r o c e e d in g  t o  h ig h e r  o r d e r .
F in a l l y ,  i t  i s  a  p o in t  o f  in t e r e s t  to  n o t e  t h a t  t h e  s o lu t io n  f o r  t h e  m a g n e t ic  v e c t o r  p o t e n t i a l  
p r e s e n t e d  in  A p p e n d i x  F  w o u ld  m o s t  p r o b a b ly  b e  p o s s ib le  b y  a  m e t h o d  in v o l v in g  t h e  W i e n e r -  
H o p f  t e c h n iq u e  i n  c o n j u n c t io n  w it h  t h e  M e l l i n  t r a n s f o r m .
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F i g u r e  4 .4 :  T h e  a b s o lu t e  v a lu e s  o f  t h e  t e r m s  i n  t h e  s e r ie s  e x p a n s io n  f o r  A Z ,  p lo t t e d  a g a in s t  
c r a c k  d e p t h .  |Zki|, jZkz[ a n d  \Zki\nk + Zk* \ a r e  s h o w n  b y  c u r v e s  a ) ,  b )  a n d  c )  r e s p e c t iv e ly .
122
' ( £ ) T i
F i g u r e  4 .5 :  T h e  a b s o lu t e  v a lu e  o f  t h e  im p e d a n c e  c h a n g e  d u e  t o  a  t w o - d im e n s io n a l,  s u r f a c e -  
b r e a k in g  c r a c k  o f  d e p t h  d in  t h e  lo w - f r e q u e n c y  l i m i t .
123
d/ 8
F i g u r e  4 .6 : T h e  n o r m a l is e d  r e a l a n d  i m a g in a r y  p a r t s  ( lo w e r  a n d  u p p e r  c u r v e s  r e s p e c t i v e ly )  
o f  t h e  im p e d a n c e  c h a n g e  d u e  t o  a  t w o - d im e n s io n a l,  s u r f a c e - b r e a k in g  c r a c k  o f  d e p t h  d i n  t h e  
lo w - f r e q u e n c y  l i m i t .
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C h a p t e r  5
C o n c l u s i o n
T h e  t w o - d im e n s io n a l  p r o b le m  o f  t h e  in f in it e ,  id e a l  c r a c k  i n  a  u n if o r m  in c id e n t  f ie ld  h a s  b e e n  
a n a ly s e d  s u c c e s s f u lly  i n  b o t h  lo w - a n d  h ig h - f r e q u e n c y  l i m i t s  u s i n g  a  n u m b e r  o f  m a t h e m a t ic a l  
t e c h n iq u e s .  I t  h a s  b e e n  o b s e r v e d  t h a t ,  a lt h o u g h  t h e  p r o b le m  o f  p r i m a r y  in t e r e s t  is  t h a t  o f  
t h e  s u r f a c e - b r e a k in g  c r a c k ,  a n a ly s is  o f  t h e  s im p le r  c a s e  o f  t h e  s u b s u r f a c e  c r a c k  v i a  b o t h  t h e  
W i e n e r - H o p f  t e c h n iq u e  a n d  t h e  g e o m e t r ic a l  t h e o r y  o f  e d d y - c u r r e n t  s c a t t e r in g  p r o v id e s  u s e f u l  
i n s ig h t  in t o  t h e  m o re  c o m p le x  s u r f a c e - b r e a k in g  c r a c k  p r o b le m .
T h e  m e t h o d  o f  N . W i e n e r  a n d  E .  H o p f [ l l l ]  is  n o t  e n t ir e ly  n e w  t o  t h e  f ie ld  o f  e d d y - c u r r e n t  
n o n - d e s t r u c t iv e  e v a lu a t i o n [9 5 ], b u t  is  b y  n o  m e a n s  c o m m o n . I t  o c c u r s  a  m e r e  h a n d f u l  o f  t im e s  
i n  t h e  w i d e r  n o n - d e s t r u c t iv e  e v a lu a t io n  l it e r a t u r e [ 1 5 ,  3 7 ] .  T h e  W i e n e r - H o p f  t e c h n iq u e  is  o n ly  
o n e  o f  m a n y  w a y s  i n  w h ic h  t h e  s o lu t io n  o f  t h e  o p t i c a l  p r o b le m  o f  p la n e  w a v e  s c a t t e r in g  b y  a  
s e m i - i n f in it e  s c re e n  ( t h e  S o m m e r f e ld  s o lu t io n )  m a y  b e  o b t a in e d  b u t ,  a s  m e n t io n e d  p r e v io u s ly ,  
i t  w a s  u s e f u l  t o  s o lv e  t h e  s u b s u r f a c e  c r a c k  p r o b le m  i n  t h is  w a y  in  o r d e r  t o  g a in  in s ig h t  in t o  
t h e  m e t h o d  o f  s o lu t io n  f o r  t h e  s u r f a c e - b r e a k in g  c r a c k .  T h e  m a g n e t ic  f ie ld  s c a t t e r e d  b y  a  
s u b s u r f a c e  c r a c k  w h o s e  e d g e  l ie s  s u f f ic ie n t ly  f a r  b e lo w  t h e  s u r f a c e  o f  t h e  c o n d u c t o r  is  g iv e n  
in  ( 2 . 4 0 ) .  T h i s  s o lu t io n  is  v a l id  f o r  a  c r a c k  w h o s e  e d g e  l ie s  a t  le a s t  o n e  s k i n  d e p t h  b e lo w  
t h e  c o n d u c t o r  s u r f a c e  ( i . e .  h >  6 ) s in c e ,  a lt h o u g h  t h e  b o u n d a r y  c o n d it i o n  o n  t h e  c r a c k  is  
p e r f e c t ly  m a t c h e d  b y  ( 2 . 4 0 ) ,  t h a t  o n  t h e  a ir - c o n d u c t o r  in t e r f a c e  is  m a t c h e d  a p p r o x im a t e ly  
a n d  t h e  e r r o r  is  le s s  t h a n  5 %  o n ly  f o r  h > 8 . T h e  im p e d a n c e  c h a n g e  d u e  t o  s u c h  a  c r a c k  
i s  e x p o n e n t ia l ly  d e p e n d e n t  o n  t w ic e  t h e  d is t a n c e  b e t w e e n  t h e  e d g e  o f  t h e  c r a c k  a n d  t h e  
a i r - c o n d u c t o r  in t e r f a c e  a n d  is  g iv e n  i n  ( 2 . 5 0 ) .
T h e  m o r e  d if f ic u lt  p r o b le m  o f  t h e  s u r f a c e - b r e a k in g  c r a c k  w a s  s o lv e d  a p p r o x im a t e ly  b y
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r e f le c t in g  t h e  c o n d u c t in g  h a lf - s p a c e  in  t h e  in t e r f a c e  p la n e  a n d  a n a ly s in g  t h e  r e s u lt i n g  s t r ip .  
T h e  a n a ly s is  w a s  s im p lif ie d  b y  n o t in g  t h a t  t h e  m a g n e t ic  f ie ld  m u s t  b e  o d d  in  z  in  o r d e r  
f o r  t h e  b o u n d a r y  c o n d it i o n  o n  t h e  s c a t t e r e d  m a g n e t ic  f ie ld  a t  t h e  a ir - c o n d u c t o r  in t e r f a c e  
( f / ( s) ( £ , 0 )  =  0 )  t o  b e  m e t .  T h e  W i e n e r - H o p f  m e t h o d  y ie ld e d  a  s o lu t io n  f o r  t h e  s c a t t e r e d  
m a g n e t ic  f ie ld  ( i n  t e r m s  o f  i t s  L a p la c e  t r a n s f o r m )  in  t h e  f o r m  o f  in t e g r a l  e q u a t io n  ( 2 . 7 7 ) .  T h e  
in t e g r a l  e q u a t io n  w a s  s o lv e d  b y  a n  i t e r a t iv e  p r o c e s s  t o  g iv e  a n  a s y m p t o t ic  s e r ie s  e x p a n s io n  
f o r  t h e  s c a t t e r e d  m a g n e t ic  f ie ld  in  t h e  h ig h - f r e q u e n c y  l i m i t .  I t  w a s  s h o w n  t h a t  t h e  f ir s t  
t e r m  in  t h is  a s y m p t o t ic  s e r ie s ,  g iv e n  b y  ( 2 . 9 4 ) ,  c o r r e s p o n d s  p r e c is e ly  w i t h  t h e  s o lu t io n  o f  
a n  in d e p e n d e n t  c a lc u la t io n [ 6 1 ] ,  in  w h ic h  t h e  s u r f a c e - b r e a k in g  c r a c k  o f  d e p t h  a t  le a s t  48 w a s  
t r e a t e d  b y  c o m b in in g  s e p a r a t e  s o lu t io n s  f o r  t h e  f ie ld s  s c a t t e r e d  b y  t h e  e d g e  a n d  c o r n e r s  o f  t h e  
c r a c k .  T h i s  w a s  a  le g it im a t e  a p p r o a c h  s in c e ,  f o r  a  s u r f a c e - b r e a k in g  c r a c k  o f  d e p t h  a t  le a s t  48, 
t h e  f ie ld  p e r t u r b a t io n s  b y  t h e  e d g e  a n d  c o r n e r s  o f  t h e  c r a c k  a r e  d e c o u p le d .  H ig h e r  o r d e r  t e r m s  
in  t h e  a s y m p t o t ic  s e r ie s  e x p a n s io n  a c c o u n t  f o r  m u lt i p l e  s c a t t e r in g  o f  t h e  f ie ld  w h ic h  o c c u r s  
w h e n  t h e  f r e q u e n c y  is  n o t  s u f f ic ie n t ly  h ig h  t o  r e n d e r  t h e  e d g e  a n d  c o r n e r  f ie ld s  c o m p le t e ly  
d e c o u p le d .  T h e  W i e n e r - H o p f  a n a ly s is  h a s ,  t h e r e f o r e ,  p r o v id e d  a  m e t h o d  b y  w h ic h  t h e  t w o -  
d im e n s io n a l,  s u r f a c e - b r e a k in g  c r a c k  m a y  b e  t r e a t e d  a s  a  c o h e r e n t  w h o le  a n d  o u t  o f  w h ic h  
a  h ig h - f r e q u e n c y  s o lu t io n  c o n s t r u c t e d  f r o m  in d e p e n d e n t  e d g e  a n d  c o r n e r  s o lu t io n s  n a t u r a l ly  
a r is e s .  I t  w a s  p o s s ib le  t o  c a lc u la t e  t h e  im p e d a n c e  c h a n g e  d u e  t o  t h e  s u r f a c e - b r e a k in g  c r a c k  
in  t h e  h ig h - f r e q u e n c y  l i m i t  in  c lo s e d  f o r m ,  ( 2 . 1 1 7 ) .  T h i s  r e s u lt  a g re e s  w i t h ,  a n d  im p r o v e s  
u p o n ,  t h e  a p p r o x im a t e  n u m e r ic a l  r e s u lt  c a lc u la t e d  in d e p e n d e n t ly [6 1 ].
A n a l y s i s  o f  t h e  s a m e  s u b s u r f a c e  a n d  s u r f a c e - b r e a k in g  c r a c k  p r o b le m s  i n  t h e  h ig h - f r e q u e n c y  
l i m i t  v i a  t h e  g e o m e t r ic a l  t h e o r y  o f  e d d y - c u r r e n t  s c a t t e r in g  h a s  p r o v id e d  a  s a t is f y in g  e x t e n s io n  
to  t h e  r e s u lt s  o b t a in e d  u s in g  t h e  W i e n e r - H o p f  a n a ly s is .  T h e  g e o m e t r ic a l  t h e o r y  o f  e d d y -  
c u r r e n t  s c a t t e r in g  is  a n  a d a p t a t io n  o f  t h e  o p t i c a l  g e o m e t r ic a l  t h e o r y  o f  d if f r a .c t io n  ( G T D ) [ 6 6 ] ,  
in  w h ic h  t h e  f ie ld  s c a t t e r e d  b y  a s h a r p  e d g e  is  s i m p l y  r e la t e d  t o  t h e  v a lu e  o f  t h e  in c id e n t  f ie ld  
a t  t h e  e d g e  b y  m e a n s  o f  a  d if f r a c t io n  c o e f f ic ie n t .  T h i s  m e t h o d  h a s  n o t  p r e v i o u s ly  b e e n  
e x p lo it e d  in  t h e  t h e o r y  o f  e d d y - c u r r e n t  n o n - d e s t r u c t iv e  e v a lu a t io n .  T h e  g e o m e t r ic a l  t h e o r y  
o f  e d d y - c u r r e n t  s c a t t e r in g  i s  m a t h e m a t ic a l ly  le s s  r ig o r o u s  t h a n  t h e  W i e n e r - H o p f  m e t h o d ,  
b u t  is  s t r a ig h t f o r w a r d  to  a p p l y  a n d  h a s  t h e  p o w e r  t o  t a k e  a c c o u n t  o f  m u lt i p l e  s c a t t e r in g  
w h ic h  o c c u r s  b e t w e e n  t h e  c r a c k  e d g e  a n d  it s  im a g e ,  f o r  e x a m p le .  T h e  a b i l i t y  t o  a c c o u n t  
f o r  m u lt i p le  s c a t t e r in g  i n  t h e  c a s e  o f  t h e  s u b s u r f a c e  c r a c k  e n a b le s  t h e  b o u n d a r y  c o n d it io n  
o n  t h e  s c a t t e r e d  m a g n e t ic  f ie ld  a t  t h e  a ir - c o n d u c t o r  in t e r f a c e  t o  b e  m a t c h e d  e x a c t ly .  T h e
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m a t c h  w it h  t h e  b o u n d a r y  c o n d it i o n  0 1 1  t h e  c r a c k  i n  t h is  c a s e  is ,  h o w e v e r,  a p p r o x im a t e  a n d  
t h is  a p p r o x im a t io n  is  t h e  s o u r c e  o f  t h e  r e s t r i c t io n  o n  t h e  r a n g e  o f  h, f o r  w h ic h  t h e  t h e o r y  is  
v a l id .  T h i s  r e s u lt  p r o v id e s  a  s ig n if ic a n t  im p r o v e m e n t  o n  t h e  r e s u lt  f o r  t h e  s u b s u r f a c e  c r a c k  
o b t a in e d  u s i n g  W i e n e r - H o p f  a n a ly s is  s in c e  t h e  im p e d a n c e  c h a n g e  g iv e n  i n  ( 3 . 3 4 )  is  v a l id  f o r  
a  c r a c k  w h o s e  e d g e  l ie s  o n l y  0 .4 5  b e lo w  t h e  s u r f a c e  o f  t h e  c o n d u c t o r .  N a t u r a l ly ,  t h is  r e s u lt  
a g re e s  w it h  t h a t  c a lc u la t e d  p r e v i o u s l y  in  t h e  r a n g e  i n  w h ic h  b o t h  t h e o r ie s  a r e  v a lid .
S im ila r ly ,  a  s ig n if ic a n t  im p r o v e m e n t  in  t h e  r e s u lt  f o r  t h e  s u r f a c e - b r e a k in g  c r a c k  w a s  
a c h ie v e d  b y  t a k in g  m u lt i p l e  s c a t t e r in g  in t o  a c c o u n t .  I t  w a s  p o s s ib le  t o  le a v e  t h e  r e g im e  
in  w h ic h  t h e  f ie ld s  p e r t u r b e d  b y  t h e  e d g e  a n d  c o r n e r s  o f  t h e  c r a c k  a r e  d e c o u p le d  a n d  t o  
c o n s id e r  c r a c k s  o f  d e p t h  a s  l i t t l e  a s  o n e  s k in  d e p t h ,  c o m p a r e d  w it h  t h e  m in i m u m  o f  f o u r  s k in  
d e p t h s  im p o s e d  in  t h e  d e c o u p le d  l i m i t .  A g a i n ,  t h e  s o lu t io n  a g re e s  w it h  t h a t  f o r  t h e  d e c o u p le d  
l i m i t  in  t h e  r a n g e  f o r  w h ic h  b o t h  t h e o r ie s  a r e  v a l id .
T h e  f in a l  c o n t r ib u t i o n  o f  t h is  t h e s is  w a s  t h e  t r e a t m e n t  o f  t h e  s u r f a c e - b r e a k in g  c r a c k  in  
t h e  lo w - f r e q u e n c y  l i m i t .  T h e  p e r t u r b a t i o n  a p p r o a c h  a d o p t e d  is  f a i r l y  w e ll  k n o w n  in  t h e  
e d d y - c u r r e n t  f ie ld [ 7 0 ,  7 1 ,  8 6 ] a lt h o u g h  it  h a s  n o t  p r e v i o u s l y  b e e n  a p p lie d  t o  t h is  p a r t i c u l a r  
p r o b le m .  T h e  p r o b le m  w a s  f o r m u la t e d  i n  t e r m s  o f  t h e  m a g n e t ic  v e c t o r  p o t e n t i a l  f r o m  w h ic h  
t h e  e q u iv a le n t  c u r r e n t  d ip o le  d e n s it y ,  p, a n d  h e n c e  t h e  im p e d a n c e  c h a n g e  w e re  f o u n d .  T h e  
r e s u lt i n g  p a r t i a l  d if f e r e n t ia l  e q u a t io n s  w e r e  s o lv e d  b y  d u a l  in t e g r a l  e q u a t io n  a n a ly s is  t o  y ie ld  
t h e  f ir s t  f o u r  t e r m s  i n  t h e  a s y m p t o t ic  s e r ie s  e x p a n s io n  f o r  p. I n  p r in c ip le ,  h ig h e r  o r d e r  t e r m s  
c a n  a ls o  b e  f o u n d ,  b u t  t h e  r e t u r n  f o r  t h e  e ffo r t  in v o lv e d  is  s m a ll  s in c e  t h e  s e r ie s  c o n v e rg e s  
q u it e  q u ic k l y  (s e e  F ig u r e s  4 . 1 ,  4 .2  a n d  4 . 4 ) .  I t  is  a n t i c ip a t e d  t h a t  h ig h e r  o r d e r  t e r m s  w i l l  b e  
u n im p o r t a n t .  T h e  lo w - f r e q u e n c y  p e r t u r b a t i o n  a n a ly s is  w o r k s  w e ll  i n  t h is  t w o - d im e n s io n a l,  
u n if o r m  f ie ld  p r o b le m ,  in  p a r t i c u l a r  b e c a u s e  t h e  t e r m  w h ic h  a c c o u n t s  f o r  c o u p lin g  o f  t h e  
f ie ld s  a t  t h e  a ir - c o n d u c t o r  in t e r f a c e  ( t h e  t e r m  i n v o l v i n g  t h e  p o t e n t ia l  V  i n  ( 4 . 3 ) )  v a n is h e s .  
T h i s  s im p l if i c a t io n  e n a b le s  r e l a t i v e l y  t r o u b le - f r e e  p u r s u i t  o f  t h e  s o lu t io n  t o  o r d e r s  h ig h e r  t h a n  
g e n e r a l ly  p o s s ib le  f o r  o t h e r  c r a c k  g e o m e t r ie s .  A n  i n f o r m a l  s o lu t io n  o f  t h e  p r o b le m  o f  a  h a lf ­
p e n n y  s h a p e d  s u r f a c e - b r e a k in g  c r a c k  in  a  u n if o r m  in c id e n t  f ie ld  h a s  s h o w n  t h a t  t h e  f ir s t  t w o  
t e r m s  i n  t h e  a s y m p t o t ic  s e r ie s  f o r  p a r e  r e l a t i v e ly  s im p le  t o  f in d .  I n  c a l c u l a t in g  t e r m s  o f  o r d e r  
k3 a n d  h ig h e r ,  h o w e v e r,  t h e  p o t e n t i a l  V  ( w h o s e  lo w e s t  o r d e r  t e r m  is  a  t e r m  in  k2) c o m e s  in t o  
p l a y  a n d  d r a m a t i c a l l y  in c r e a s e s  t h e  c o m p le x it y  o f  t h e  m a t h e m a t ic s  in v o lv e d .
I t  is  in t e r e s t in g  t o  p lo t ,  o n  t h e  s a m e  a x e s ,  t h e  im p e d a n c e  c h a n g e  d u e  t o  t h e  s u r f a c e -  
b r e a k in g  c r a c k  f o u n d  in  t h e  h ig h - f r e q u e n c y  l i m i t  b y  t h e  g e o m e t r ic a l  t h e o r y  o f  e d d y - c u r r e n t
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s c a t t e r in g  a n d  t h a t  f o u n d  in  t h e  lo w - f r e q u e n c y  l i m i t  b y  p e r t u r b a t io n  t h e o r y .  T h e  a b s o lu t e  
v a lu e  o f  t h e  im p e d a n c e  c h a n g e  is  s h o w n  in  F i g u r e  5 . 1  a n d  t h e  r e a l  a n d  im a g i n a r y  p a r t s  i n  
F i g u r e  5 . 2 .  C l e a r l y ,  t h e r e  is  a  r a n g e  o f  v a lu e s  o f  d ( 0 . 4 5  <  d <  5 )  f o r  w h ic h  n e it h e r  t h e o r y  is  
v a l id  a n d  d ir e c t  c o m p a r is o n  is ,  t h e re fo r e ,  n o t  p o s s ib le .  T h e  p a t h s  o f  t h e  c u r v e s  d o ,  h o w e v e r ,  
a p p e a r  t o  t e n d  t o  a  c o m m o n  l i m i t  ( w it h i n  th e  m a r g in  o f  e r r o r  s t a t e d )  a n d  i n  t h is  w a y  s u p p o r t  
is  le n t  t o  t h e  v a l i d i t y  o f  e a c h  t h e o ry .
O n e  n a t u r a l  p r o g r e s s io n  o f  t h e  w o r k  p re s e n t e d  h e r e  in v o l v i n g  t h e  W i e n e r - H o p f  t e c h n iq u e  
w o u ld  b e  t h e  c o n s id e r a t i o n ,  i n  m o r e  d e t a il,  o f  t h e  h ig h e r  o r d e r  t e r m s  in  t h e  a s y m p t o t ic  s e r ie s  
s o lu t io n  f o r  t h e  s c a t t e r e d  m a g n e t ic  f ie ld  p r o v id e d  in  t h e  c a s e  o f  t h e  s u r f a c e - b r e a k in g  c r a c k  
( e q u a t io n s  ( 2 . 8 5 )  a n d  ( 2 . 8 7 ) ) .  I t  s h o u ld  b e  p o s s ib le ,  a.t le a s t  b y  a n  a p p r o x im a t e  m e t h o d ,  t o  
t r a n s f o r m  t h e s e  t e r m s  in t o  r e a l  s p a c e  a n d / o r  c a lc u la t e  t h e ir  c o n t r ib u t i o n s  to  t h e  im p e d a n c e  
c h a n g e . T h e r e  is  m e r it  in  p u r s u in g  t h is  s o lu t io n  f u r t h e r  s in c e  t h e  W i e n e r - H o p f  t e c h n iq u e  p r o ­
v id e s  a  r i g o r o u s  m e t h o d  f o r  t r e a t i n g  t h e  p r o b le m  i n  t h e  r e g im e  in  w h ic h  t h e  f ie ld s  s c a t t e r e d  b y  
t h e  e d g e  a n d  c o r n e r s  o f  t h e  c r a c k  a r e  n o  lo n g e r  d e c o u p le d .  T h e  r e s u lt i n g  s o lu t io n  w o u ld  p r o ­
v id e  a  u s e f u l  in d e p e n d e n t  c h e c k  o n  t h a t  fo u n d  u s i n g  t h e  g e o m e t r ic a l  t h e o r y  o f  e d d y - c u r r e n t  
s c a t t e r in g .  I n  a d d i t io n ,  t h e  W i e n e r - H o p f  m e t h o d  m a y  w e ll  p r o v e  t o  b e  t h a t  b y  w h ic h  a  r i g ­
o r o u s  a n a ly s is  o f  t h e  o p e n  c r a c k  p r o b le m  is  p e r f o r m e d .  T h e  a p p r o a c h  o u t l in e d  in  S e c t io n  2 .4  
h a s  t h e  p o t e n t i a l  f o r  p r o v i d i n g  a  r ig o r o u s  s o lu t io n  in  t h e  l i m i t  o f  s m a ll  c r a c k  o p e n in g .  T h e  
p r o b le m s  id e n t if ie d  h e r e  m ig h t ,  p e r h a p s ,  b e  o v e r c o m e  b y  f u r t h e r  d e t a ile d  e x a m in a t io n  o f  t h e  
m a t h e m a t ic s  in v o lv e d .  S u c h  a  s o lu t io n  w o u ld  b e  v a l id  in  t h e  l i m i t  w h ic h  is  m o s t  c o m m o n  
p r a c t i c a l l y ;  t h a t  in  w h ic h  t h e  c r a c k  o p e n in g  is  m u c h  s m a lle r  t h a n  t h e  e le c t r o m a g n e t ic  s k in  
d e p t h 1 7 .
A  g e n e r a l,  t h r e e - d im e n s i o n a l  g e o m e t r ic a l  t h e o r y  o f  e d d y - c u r r e n t  s c a t t e r in g  w o u ld  b e  a  
p o w e r f u l  a n d  f le x ib le  m e t h o d  b y  w h ic h  c r a c k s  a n d  in c id e n t  f ie ld s  o f  a r b i t r a r y  g e o m e t r y  c o u ld  
b e  t r e a t e d  a n d  m ig h t  w e ll  g iv e  r is e  t o  a  f e a s ib le  s c h e m e  f o r  e d d y - c u r r e n t  in v e r s io n .  T h e  
m e t h o d s  o f  C h a p t e r  3  f o r m  t h e  s t a r t in g  p o in t  f o r  s u c h  a  t h e o r y ,  t h e  p a t h  t o  w h ic h  is  b y  n o  
m e a n s  s t r a ig h t f o r w a r d .  T h e r e  a r e  t w o  o b v io u s  w a y s  in  w h ic h  t h e  p r o b le m  o f  g e n e r a l is in g  
t h e  t h e o r y  g iv e n  e a r l i e r  m a y  c o m m e n c e .  T h e  f i r s t  is  t h a t  o f  g e n e r a l is in g  t h e  s h a p e  o f  t h e
17Incidentally, it is likely that a solution for the two-dimensional, open crack problem in the limit which 
in which the crack opening is larger than the electromagnetic skin depth m a y  be found relatively simply by 
means of the geometrical theory of eddy-current scattering[l09l. A n  approximate expression for the scattered 
field in the region of the crack base could, for example, be obtained by assuming that the crack base is flat 
and treating the right angles in which it. meets the crack faces as wedge-like scatterers.
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F i g u r e  5 . 1 :  A b s o lu t e  v a lu e  o f  t h e  im p e d a n c e  c h a n g e  d u e  t o  a  s u r f a c e - b r e a k in g  c r a c k ;  lo w -  
f r e q u e n c y  r e s u lt  ( c u r v e  a ) )  f o u n d  b y  p e r t u r b a t io n  t h e o r y  a n d  h ig h - f r e q u e n c y  r e s u lt  ( c u r v e  
b ) )  f o u n d  u s i n g  t h e  g e o m e t r ic a l  t h e o r y  o f  e d d y - c u r r e n t  s c a t t e r in g .
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F i g u r e  5 . 2 :  R e a l  a n d  im a g in a r y  p a r t s  ( lo w e r  a n d  u p p e r  c u r v e s  r e s p e c t i v e ly )  o f  t h e  im p e d a n c e  
c h a n g e  d u e  t o  a  s u r f a c e - b r e a k in g  c r a c k ;  lo w - f r e q u e n c y  r e s u lt  f o u n d  b y  p e r t u r b a t i o n  t h e o r y  
a n d  h ig h - f r e q u e n c y  r e s u lt  f o u n d  u s in g  t h e  g e o m e t r ic a l  t h e o r y  o f  e d d y - c u r r e n t  s c a t t e r in g .
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c r a c k  w h i le  r e t a i n in g  t h e  u n if o r m  n a t u r e  o f  t h e  in c id e n t  f ie ld .  T h e  c o n v e r s e  a p p r o a c h  is  
t h a t  in  w h ic h  t h e  t w o - d im e n s io n a l  n a t u r e  o f  t h e  c r a c k  is  r e t a in e d  a n d  t h e  in c id e n t  f ie ld  is  
m a d e  a r b it r a r y .  A  t r u l y  t h r e e - d im e n s io n a l  t h e o r y  w o u ld ,  o f  c o u r s e ,  c o n t a in  b o t h  e le m e n ts ;  
a n  a r b i t r a r y  in c id e n t  f ie ld  a n d  a  c r a c k  o f  a r b i t r a r y  s h a p e . G e n e r a l i s a t i o n  o f  t h e  t h e o r y  f o r  a  
c lo s e d ,  id e a l  c r a c k  m a y  p r o c e e d  a s  f o llo w s .  F o r  a  s u r f a c e - b r e a k in g  c r a c k  o f  a r b i t r a r y  p r o f i le  in  
a  u n if o r m  in c id e n t  f ie ld ,  s c a t t e r in g  o f  t h e  f ie ld  a t  e a c h  p o in t  a lo n g  t h e  e d g e  o f  t h e  c r a c k  m a y  
b e  a s s u m e d  t o  g iv e  r i s e  t o  a  S o m m e r f e ld  s o lu t io n  l o c a l  t o  e a c h  p o in t .  T h e  a s s u m p t io n  i m p l i c i t  
i n  t h is  s c h e m e , h o w e v e r,  is  t h a t  t h e  r a d i u s  o f  c u r v a t u r e  o f  t h e  c r a c k  e d g e  a t  e a c h  p o in t  is  
la r g e .  I n  c a s e s  w h e r e  t h is  is  n o t  so , i t  w o u ld  b e  n e c e s s a r y  t o  i n t r o d u c e  in t o  t h e  t h e o r y  s o m e  
c o r r e c t in g  f e a t u r e .  T h e  o t h e r  d if f i c u lt y  e n v is a g e d  i n  s o lv in g  t h is  p r o b le m  is  t h a t  o f  d e a l in g  
w i t h  t h e  p o in t s  w h e r e  t h e  c r a c k  e d g e  m e e t s  t h e  s u r f a c e  o f  t h e  c o n d u c t o r .  T h e  m a n n e r  in  
w h ic h  t h e s e  p o in t s  s h o u ld  b e  t r e a t e d  i s  n o t  im m e d ia t e ly  o b v io u s .  T a k i n g  n o w  t h e  c o n v e rs e  
p r o b le m  in  w h ic h  a  lo n g  c r a c k  l ie s  in  a. t y p i c a l  c o i l  f ie ld ,  t h e  p r o b le m  m a y  b e  s im p lif ie d  b y  
t a k in g  t h e  t w o - d im e n s io n a l  F o u r i e r  t r a n s f o r m  a lo n g  t h e  lo n g  d im e n s io n  o f  t h e  c r a c k  ( a  l u x u r y  
u n a v a ila b le  i n  a  t r u l y  t h r e e - d im e n s io n a l  t h e o ry ,  o f  c o u r s e ) .  T h e  d if f i c u lt  p a r t  o f  t h e  a n a ly s is  
f o r  t h is  p r o b le m  lie s  in  m a t c h in g  t h e  s o lu t io n  f o r  t h e  f ie ld  a c r o s s  t h e  a ir - c o n d u c t o r  in t e r f a c e  
p la n e .  T h i s  p r o b le m  is  o f t e n  o v e r c o m e  b y  m e a n s  o f  t h e  s o - c a l le d  B o r n  a p p r o x im a t io n  in  
w h ic h  it  is  a s s u m e d  t h a t  t h e  f ie ld s  in  a i r  a r e  u n p e r t u r b e d  b y  t h e  p r e s e n c e  o f  t h e  c r a c k ,  i.e .  
a n y  t r a n s m is s io n  o f  t h e  f ie ld s  f r o m  t h e  c o n d u c t in g  h a lf - s p a c e  in t o  a i r  is  n e g le c t e d . I t  is ,  
h o w e v e r ,  m o r e  s a t is f a c t o r y  n o t  t o  u s e  t h is  a p p r o x im a t io n  s in c e  it  h a s  n o t  b e e n  r i g o r o u s ly  
s h o w n  t h a t ,  in  so  d o in g ,  s ig n if ic a n t  t e r m s  a r e  n o t  n e g le c t e d . I t  is  c le a r  f r o m  t h is  s im p le  
d is c u s s io n  t h a t  t h e  a m o u n t  o f  w o r k  in v o lv e d  in  o b t a in in g  a  g e n e r a lis e d  g e o m e t r ic a l  t h e o r y  o f  
e d d y - c u r r e n t  s c a t t e r in g  is  la r g e .  I t  a p p e a r s ,  h o w e v e r,  t h a t  t h e  r e w a r d  is  l ik e l y  t o  b e  g r e a t .
131
A n  A p p l i c a t i o n  o f  t h e  R e c i p r o c i t y  
T h e o r e m
C o n s i d e r  a  r e g io n  c o n t a in in g  t w o  c u r r e n t  s o u r c e s ,  J i  a n d  J 2, w h ic h  in t e r a c t  v i a  t h e ir  r e s p e c ­
t iv e  e le c t r ic  f ie ld s ,  E x a n d  E 2 . T h e  s y s t e m  is  s h o w n  d ia g r a m m a t ic a l ly  in  F i g u r e  A . I .  T h e  
c u r r e n t  s o u r c e s  m a y  e it h e r  b e  p r e s c r ib e d ,  a s  in  t h e  c a s e  o f  a  c u r r e n t  f lo w in g  t h r o u g h  a n  e x c i­
t a t io n  c o il  o r  a n t e n n a ,  o r  t h e y  m a y  b e  in d u c e d .  E x a m p le s  o f  in d u c e d  s o u r c e s  a r e  t h e  c u r r e n t  
o n  a  c o n d u c t in g  s c a t t e r e r  o r  t h e  in d u c e d  p o la r is a t io n  o f  a  d ie le c t r ic .  T h e  r e c i p r o c it y  t h e o r e m  
is  a p p l ic a b l e  i r r e s p e c t iv e  o f  w h e t h e r  t h e  s o u r c e s  a r e  p r e s c r ib e d  o r  in d u c e d .  T h e  im p e d a n c e  
o f  s o u r c e  2  d u e  t o  t h e  p r e s e n c e  o f  s o u r c e  1 c a n  b e  e x p r e s s e d  in  t e r m s  o f  t h e  e l e c t r ic  f ie ld  
e m a n a t in g  f r o m  t h e  f i r s t  s o u r c e ,  E x , a n d  t h e  c u r r e n t  i n  s o u r c e  r e g io n  2 ,  J 2 :
I 2A Z  = ~ [  E x . J 2 dV, ( A . l )
Jv2
w h e r e  t h e  in t e g r a t i o n  i s  p e r f o r m e d  o v e r  s o u r c e  re g io n  2 [4 8 ].
A p p e n d i x  A
S o u r c e  re g io n  1 S o u rc e  re g io n  2
F i g u r e  A . l :  M u t u a l  in t e r a c t io n  b e tw e e n  t w o  c u r r e n t  s o u r c e s .
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C o n s id e r  t h e  f o l lo w in g  s t a t e m e n t  o f  t h e  v e c t o r  G r e e n ’s t h e o re m  ( a  t r i v i a l  a d a p t a t io n  o f  
( 1 . 3 8 ) ) :
J (a.V x V x b -  b.V x V x a) dV  =  J [(rc x b).V x a - ( n x  a).V x b] dS ( A . 2 )
w h e r e  S i s  t h e  s u r f a c e  o f  v o lu m e  V  a n d  n is  t h e  o u t w a r d - f a c in g  u n it  v e c t o r  n o r m a l  t o  S. 
L e t  E i  b e  a  a n d  E 2  b e  b  i n  ( A . 2 ) ,  c o n s id e r in g  o n ly  t h o s e  s o lu t io n s  w h ic h  v a n is h  f a s t e r  
t h a n  t h e  r e c i p r o c a l  o f  d is t a n c e  fr o m  t h e  s o u r c e  a s  t h is  d is t a n c e  b e c o m e s  la r g e .  U n d e r  t h e s e  
c ir c u m s t a n c e s  ( A . 2 )  b e c o m e s
/ (E1. V x V x E 2 - E 2.Vx VxEi ) 7U =  0 , ( A . 3 )
Jv
s in c e  t h e  s u r f a c e  S m a y  b e  c h o s e n  to  b e  a n  in f in it e  d is t a n c e  f r o m  t h e  s o u r c e s ,  a t  w h i c h  p o in t  
t h e  f ie ld s  v a n is h .  A s s u m i n g  t h a t  t h e  r e g io n  o f  in t e r e s t  is  h o m o g e n e o u s  a n d  is o t r o p ic ,  t h e n  
f r o m  ( 1 . 1 ) ,  ( 1 . 2 )  a n d  ( 1 . 9 )  i t  is  f o u n d  t h a t  t h e  e le c t r ic  f ie ld s  a r e  s o lu t io n s  o f
V x  V X E; = iupoJi, (A.4 )
w h e r e  i  — 1 , 2 .  S u b s t i t u t in g  ( A . 4 )  in t o  ( A . 3 )  g iv e s  a  s t a t e m e n t  o f  t h e  r e c i p r o c i t y  r e la t i o n s h i p :
/[E1.J2- E 2.J1]rf+ =  0 , ( A . 5 )
f r o m  w h ic h  f o r m u la e  f o r  c a lc u la t in g  t h e  im p e d a n c e  m a y  b e  d e r iv e d :
I 2A Z  = - /  EX.J2 dV
Jv2
= -  / E2.Ji dV. (A.6)
JVi
I n  e d d y - c u r r e n t  t h e o ry ,  a  c r a c k  i n  a  c o n d u c t o r  w h ic h  is  e x c it e d  b y  a n  e x t e r n a l  c u r r e n t  s o u r c e  
m a y  b e  re p r e s e n t e d  b y  a  d is t r ib u t i o n  o f  c u r r e n t  d ip o le s ,  w h ic h  is  e f f e c t iv e ly  a n  in d u c e d  
s e c o n d a r y  s o u r c e .  F o r  a  c r a c k  o f  k n o w n  d im e n s io n  it  c a n  b e  c o n v e n ie n t  t o  c a lc u la t e  t h e  
c h a n g e  in  im p e d a n c e  b y  in t e g r a t i n g  t h e  e le c t r ic  f ie ld  e m a n a t in g  f r o m  t h e  e x c i t i n g  s o u r c e  a n d  
t h e  d ip o le  d i s t r i b u t i o n  r e p r e s e n t a t iv e  o f  t h e  c r a c k ,  o v e r  t h e  c r a c k  it s e lf .  E x p l i c i t l y ,
I 2AZ =  ~ [  E W . P  dV  ( A . 7 )
Jcrack
w h e r e  E ^ )  is  t h e  e le c t r ic  f ie ld  f r o m  t h e  e x c i t i n g  s o u r c e  a n d  P  is  t h e  v o lu m e  d i s t r i b u t i o n  o f  
c u r r e n t  d ip o le s  o n  t h e  c r a c k .
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F o r  c r a c k s  o f  t h e  t y p e  s h o w n  i n  F ig u r e s  1 .3  a n d  1 .5 ,  t h e  d ip o le  d e n s it y  is  a  s u r f a c e  d e n s it y  
d is t r ib u t i o n  ( p )  w h ic h  h a s  o n ly  a n  ^ - c o m p o n e n t  s o  t h a t  ( A . 7 )  b e c o m e s
I 2A Z  =  - f  P i  dz.
Jcrack
( A . 8 )
T h e  v o lu m e  e le m e n t  b e c o m e s  dz s in c e  t h e  c r a c k  is  a s s u m e d  in f in it e s im a l  in  t h e  ^ - d im e n s i o n  
a n d  t h e  s y s t e m  is  i n v a r ia n t  in  th e  ^ - d im e n s io n .  T h i s  im p lie s  t h a t  A Z is  t h e  im p e d a n c e  c h a n g e  
p e r  u n it  le n g t h  ( i n  y )  o f  th e  c r a c k .  F r o m  ( 1 . 1 7 ) ,
dipb)r2A 7 Ho r dtfWT A Z  - —  / px-T-dz.
C7 J  crack
( A . 9 )
I n t e g r a t in g  b y  p a r t s  a n d  n o t in g  t h e  b e h a v io u r  o f  a n d  p a t  a n  in f in it e  d is t a n c e  f r o m  t h e  
c r a c k  e n a b le s  t h e  a b o v e  t o  b e  w r it t e n
P A Z  =  - Ho f y) ppdz.
J crack dz
(A .10)
T h e  d ip o le  d e n s it y  c a n  b e  r e la t e d  t o  t h e  d is c o n t in u it y  in  t h e  t a n g e n t ia l  c o m p o n e n t  o f  t h e  
e le c t r ic  f ie ld  b y  m e a n s  o f  ( 1 . 3 7 ) .  F o r  t h e  s y s t e m  u n d e r  c o n s id e r a t i o n  ( 1 . 3 7 )  is
Ha
Q'ipG)
dx
dpx 
dz ’ (A . l l )
r e m e m b e r in g  t h a t  c o n t in u it y  o f  t h e  in c id e n t  e l e c t r ic  h e ld  im p li e s  t h a t  t h e  j u m p  in  t h e  v a lu e  
o f  t h e  t a n g e n t ia l  c o m p o n e n t  o f  t h e  e le c t r ic  h e ld ,  [ E t ] ,  is  e q u iv a le n t  t o  [ 2 ^ ] .  S u b s t i t u t in g  
in t o  ( A . 1 0 )  g iv e s
i ( H o V  r
A  Z  =  - ( e f )  f  i/’ ( i)
G  \  I  J  J  crack dx
dz. ( A . 1 2 )
F in a l l y ,
so  t h a t
dx
=  2
dx
21=0+
A z  =  - p ^ y r
O  \  I  )  J  crack d x
dz. ( A . 1 3 )
E q u a t i o n  ( A . 1 3 )  e x p re s s e s  t h e  im p e d a n c e  c h a n g e  d u e  t o  t h e  p r e s e n c e  o f  a  c r a c k  i n  t e r m s  o f  
t h e  m a g n e t ic  f ie ld  a lo n e ,  t h e  e x p r e s s io n  h a v in g  b e e n  d e r iv e d  b y  m o d e l l in g  t h e  c r a c k  w i t h  a n  
a p p r o p r ia t e  d i s t r i b u t i o n  o f  c u r r e n t  d ip o le s .
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D e c o m p o s i t i o n  o f  I r r e g u l a r  
F u n c t i o n s
S e p a r a t io n  o f  a n  i r r e g u l a r  f u n c t io n  in t o  t h e  s u m  o f  t w o  f u n c t io n s  r e g u la r  i n  s e p a r a t e  h a lf ­
p la n e s  is  a  f u n d a m e n t a l  s t e p  in  t h e  W i e n e r - H o p f  m e t h o d .  I n  s o m e  in s t a n c e s  ( s u c h  a s  t h a t  o f
S e c t io n  2 .2 ,  e q u a t io n  ( 2 . 3 0 ) )  d e c o m p o s it io n  is  s im p le  a n d  c a n  b e  p e r f o r m e d  b y  in s p e c t io n .  I n
g e n e r a l,  t h e  e x p r e s s io n s  a r e  t o o  c o m p l i c a t e d  f o r  d e c o m p o s it io n  b y  in s p e c t i o n  a n d  a  p r o c e d u r e  
s u c h  a s  t h a t  w h ic h  f o llo w s  m u s t  b e  in v o k e d [ 6 0 ] .  T h i s  t e c h n iq u e  is  u s e d  i n  t h e  a n a ly s is  o f  
S e c t io n  2 .3 ,  in  p a r t i c u l a r  i n  d e r iv in g  ( 2 . 7 3 )  a n d  ( 2 . 7 4 ) .
C o n s id e r  a  f u n c t io n ,  / ( s ) ,  w it h  b r a n c h  p o in t s  a t  s = ±ik , w h e r e  k =  kr +  ik,. A  
d e c o m p o s it io n  is  s o u g h t  s u c h  t h a t
/ «  =  / + ( * )  +  / - « ,  ( B . l )
w h e r e  / + ( s )  is  r e g u la r  f o r  a > —ki a n d  f - ( s )  r e g u la r  f o r  a < k{. C o n s t r u c t  a  r e c t a n g le  w it h  
v e r t ic e s  a t  u =  ± c  ±  iN  ( 0  <  c < ki) a s  s h o w n  i n  F i g u r e  B . l .  B y  C a u c h y ’s t h e o r e m ,
f i s )  =  i n J c S d u ’ ( B '2 )
w h e r e  in t e g r a t io n  o c c u r s  i n  t h e  s e n s e  s h o w n  a n d  s is  lo c a t e d  in s id e  t h e  r e c t a n g le .  P r o v i d e d  
t h a t  c o n t r ib u t i o n s  f r o m  t h e  s id e s  I m s  =  ± N  —> 0  a s  N  —+ oo, t h e  f o l lo w i n g  h o ld :
A p p e n d i x  B
I m  u
A -c+iN  A c+iN
ik
-c-iN
nC
R e  u
-ik
c-iN
F i g u r e  B . l :  R e c t a n g u l a r  c o n t o u r  o f  in t e g r a t io n  i n  t h e  n - p la n e .
w h e r e  V  r e p r e s e n t s  t h e  C a u c h y  p r i n c i p a l  v a lu e  ( t h e  in t e g r a l  is  c a lc u la t e d  in  t h e  l i m i t  a s  b o t h  
e n d s  o f  t h e  s t r a ig h t  l in e  g o  t o  i n f in it y  a t  t h e  s a m e  t im e ) .  E q u a t i o n  ( B . 3 )  d e fin e s  a  f u n c t io n  
r e g u la r  in  a > —k, f o r  a n y  c  in  — k{ < c < k{ a s  lo n g  a s  cr >  — c a n d  e q u a t io n  ( B . 4 )  d e fin e s  a  
f u n c t io n  r e g u la r  i n  cr < A:,- f o r  a n y  c  in  —k; <  c <  ki a s  lo n g  a s  cr < c . N e it h e r  /+ n o r  /_ h a v e  
a  z e r o  in  t h e ir  d o m a in  o f  r e g u la r it y  a n d  t h e  c o n t o u r  o f  in t e g r a t io n  d o e s  n o t  p a s s  t h r o u g h  
s w h ic h  m e a n s  t h a t  t h e  in t e g r a ls  a r e  a lw a y s  b o u n d e d .  E q u a t i o n s  ( B . 3 )  a n d  ( B . 4 )  f o r m  t h e  
d e c o m p o s e d  p a r t s  o f  /  w h ic h  e x h ib it  t h e  r e q u ir e d  p r o p e r t ie s .
136
A p p e n d i x  C
B i l a t e r a l  L a p l a c e  T r a n s f o r m
T h e  L a p la c e  t r a n s f o r m  d e fin e d  a s  a  f u n c t io n  o f  t h e  c o m p le x  v a r i a b le  s — a +  i r  b y
r oo
F+ (s) =  / /+(*)<*-* dz (C .l)
Jo
d e a ls  e n t ir e ly  w i t h  f u n c t io n s  / + ( z )  d e f in e d  o n  t h e  p o s it i v e  r e a l  a x is  a n d  is  r e g u la r  in  a  r e g io n  
cr >  <j+ , sa y , w h e r e  <7 +  is  a  r e a l  c o n s t a n t .  F o r  f u n c t io n s  f - (z )  d e f in e d  e n t ir e ly  o n  t h e  n e g a t iv e
r e a l  a x is ,  t h e  a p p r o p r ia t e  L a p la c e  t r a n s f o r m  is  o b t a in e d  b y  r e v e r s in g  t h e  s ig n s  o f  z a n d  s in
(C .l):
F J s )  =  f°  f(z)e~sz dz. ( C . 2 )
J — 0 0
T h e n  F -(s )  is  r e g u la r  f o r  a < < r_ , sa y .
I f  c+ a n d  c _  a r e  lo c a t e d  i n  t h e  r e g io n s  i n  w h ic h  F+ a n d  F .L a r e  r e g u la r ,  i.e . c+ > cr+ a n d
c _  <  cr_ r e s p e c t iv e ly ,  t h e n  t h e  M e l l i n  in v e r s io n  t h e o r e m  g iv e s
/ + ( * )  = . F + (s Y * d s  z >  0 , c + > a +  ( C . 3 )
Z7T2 J C4. —ioo 
I  / • C - + J O O
f - (z )  =  - I  /  F -(s )e sz ds =  <  0 , c _  <  f f _ .  ( C . 4 )
Z7T2 J  — too
F o r  c a s e s  i n  w h ic h  er_ >  0 + ,  t h e r e  is  a  c o m m o n  s t r ip  <7 +  <  a  <  cr_ in  w h ic h  b o t h  F +  a n d  F l ­
a r e  d e f in e d  a n d  r e g u la r .  U n d e r  t h e s e  c ir c u m s t a n c e s ,
F(e) =  F + (s) +  F -(s )  ( C . 5 )
i s  r e g u la r  e v e r y w h e r e  b y  t h e  p r i n c i p l e  o f  a n a ly t i c  c o n t in u a t io n .  I f  f(z )  is  a  f u n c t io n  d e f in e d
/ oo
f(2)e~sz dz. ( C . 7 )
-oo
T a k i n g  c+ =  c _  =  c  s u c h  t h a t  <r+ < c  < <7_, t h e  in v e r s e  o f  ( C . 7 )  m a y  b e  d e d u c e d  f r o m  ( C . 3 )  
o r  ( C . 4 ) :
1 rc+ too
/ ( * )  =  7T-: /  F ( s ) e s* 7 s ,  a +  <  c  <  <r_. ( C . 8 )
/7T2 Jc—ico
E q u a t i o n s  ( C . 7 )  a n d  ( C . 8 )  t o g e t h e r  d e f in e  t h e  b i l a t e r a l  L a p la c e  t r a n s f o r m  o f  a  f u n c t io n  f(z) 
( d e f in e d  f o r  b o t h  p o s it i v e  a n d  n e g e t iv e  z) a n d  it s  in v e r s e .
then from (C.3), (C.4) and (C.o) the bilateral Laplace transform of f ( z )  is defined by
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I n t e g r a t i o n  a l o n g  a  H y p e r b o l i c  
C o n t o u r
A n  in t e g r a l  o f  t h e  t y p e
/•C+tOO ,
1= f(s)esz+t«W ds, ( D . l )
J c—ioo
w h e r e  f (s )  i s  a n  a n a ly t i c  f u n c t io n  s u c h  t h a t  t h e  in t e g r a l  c o n v e rg e s ,  a r is e s  i n  t h e  d e r iv a t io n  
o f  t h e  S o m m e r f e ld  s o lu t io n  f o r  e d d y - c u r r e n t  s c a t t e r in g  b y  a  s e m i- in f in it e ,  s u b s u r f a c e  c r a c k  
( S e c t i o n  2 . 2 ) .  T h e  in t e g r a l  c a n  b e  e v a lu a t e d  b y  s h if t in g  t o  t h e  h y p e r b o l i c  c o n t o u r  in  t h e  
s - p la n e  d e s c r ib e d  b y
s =  ik c o s ( 0  +  i i ) ,  —oo<t<oo  ( D . 2 )
a n d  s u p p o s in g  t h a t  |n j  =  7‘ s i n 0  a n d  z =  rcosQ. U n d e r  t h is  t r a n s f o r m a t io n ,  ( D . l )  b e c o m e s
/ C O f(ikcos(9 + it))eikrcosht sm{9 +  it) dt. ( D . 3 )
-OO
I t  is  a s s u m e d ,  w i t h o u t  lo s s  o f  g e n e r a lit y ,  t h a t  0  <  9 <  x .  T h e  c o n t o u r  r e p r e s e n t s  o n e  h a l f  o f  
a  h y p e r b o la  p a s s in g  t h r o u g h  s = ik c o s  0 w i t h  s y m m e t r y  a b o u t  t h e  l in e  j o i n i n g  —ik a n d  ik. 
A  t y p i c a l  e x a m p le  i s  s h o w n  in  F i g u r e  D . l .  T h e  le f t -  a n d  r i g h t - h a n d  h y p e r b o la e  a r e  g iv e n  b y  
0 < 6 <  f  a n d  f  <  9 < tt r e s p e c t iv e ly .  G iv e n  t h a t  t h e  c o n t o u r  o f  ( D . l )  c a n  b e  d e f o r m e d  o n t o  
t h e  a p p r o p r ia t e  h a l f  o f  t h e  h y p e r b o la  d e s c r ib e d  b y  ( D . 2 ) ,  t h e  tw o  c o n t o u r s  a r e  c o n n e c t e d  b y  
a r c s  a t  i n f i n i t y  in  t h e  u s u a l  w a y . F o r  <  9 < it th e se  a r e  s h o w n  b y  D E  a n d  A B C  i n  t h e  
F i g u r e .  F o r  0  <  9 < \  t h e  le f t - h a n d  h y p e r b o la ,  is  u s e d  a n d  t h e  a r c s  a r e  o b t a in e d  in  a  s i m i l a r  
w a y .
A p p e n d i x  D
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I m  s
!
F i g u r e  D . l :  T h e  s h if t  in  t h e  s - p la n e  t o  t h e  h y p e r b o la  d e s c r ib e d  b y  s =  ikcos( 6  +  it).
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Let
/ w  =  J L  1  ( a 4 )27T2 -y/6 — tk(s +  ZK COS 4>)
Then (D .l) represents the field scattered by a semi-infinite plane for a plane wave incident at 
angle (f>, zpG), See Figure 2.2 for the geometry. In the particular case of Section 2.2.1, (f> — 0. 
The more general case of arbitrary <p will be dealt with here since the result will be useful 
elsewhere.
When the contour of integration is shifted as described, the pole at s =  — ik cos <p lies 
within the contour for — cos<^ > < cos 9 <  —1 and any 9 such that \  <  6 < k , i.e. for
0 < 7 r  — <p <  9 < k . When the pole lies within t'he contour the value of the residue at
that point must be included along with the integration around the contour. With these 
considerations
, , f X ( r , 9) -  e~ikr cos(e+cf>) o < 7 r - < £ < 0 < 7 r
V  (D.5)
y X ( r , 9 )  0 < 9 < w ~ ~ ( p < ' K ,
where
J M )  =  _ £ 2 i l  r  htsin ______
27T J - oo sin \ ( 9  +  zi)[cos(0 +  it) ■+ cos <p]
It can be shown, by use of appropriate trigonometric identities, that
l ( r , 8 ) = - b ( M ( 0 +  <)>) + M ( 6 - 4 > ) \  (D.7)
7r
where
.ikr cosh t
e
dt.-oo c o s  +  A )  
L e t  t h e  c o m p le x  F r e s n e l  f u n c t io n  b e  d e f in e d  b y
r°° • 2
F { z }  =  / elw du. (D.8)
T h e n
_  . .. . . F {\/ '2k r c o s  c o s  4  >  0 e .g . — tt <  A <  k
M ( \ )  =  ^ e - ” r/4e~lkrcosX { X 2 . 2 6 (D.9)
- F { —\/2kr  c o s  c o s  j  <  0 e .g . 7r < A < 2k.
Now 0 <  9 < k  a n d  0 <  cj> <  tt so  t h a t  — tt <  9 — <f> <  k  in all c a s e s .  H e n c e  
M {9  — (f>) — y f t e - ivl Ae - ikT^ 9- ® F { y / 2 k r  cos ^(0 -  <£)}.
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F o r  M(0  +  0 )  t h e re  a r e  t w o  c a s e s  d e p e n d in g  o n  w h e t h e r  9 +  fi is  g r e a t e r  o r  le s s  t h a n  7r: 
— yfFe*™IAe~xkr cos(6+4>)F{~y/‘2kr c o s  \{6 + fi)} 0  < 7r — fi < 6 < tt
M ( 6  +  fi)
T h e  r e la t i o n
^ r e -ijr/4 e cos(d+4>) p ^ y / 2 k r  COS \ ( 9  +  0 ) }  0 <  6 <  7T — fi  <  7T.
( D . 1 0 )
F { z }  +  F { - z }  =  v ^ e 1' ^ 4 ( D . U )
e n a b le s  F { —z}  in  t h e  f ir s t  e q u a t io n  o f  ( D . 1 0 )  t o  b e  e x p re s s e d  i n  t e r m s  o f  F {z }, g i v i n g
M (6 +<t>) =  2 F c o s  | ( 9 + ^ ) } - t r e - ' I r ':os<<,+*> 0  <  t - 0  <  9  <  tt.
( D . 1 2 )
S u b s t i t u t in g  f o r  M ( 0  +  0 )  a n d  M ( 0  — fi) in  ( D . 7 )  g iv e s
' [e _i/k'rc o s (^ + 0 ) c o s  | ( 0  +  0 ) }  +  e - iA' rc o s ( * - ^ F { v ^ c o s  | ( 0  -  0 ) } ]
+ e - i & r c o s ( * + 0 )  O < 7 T - 0 < 0 < 7 r
[c-*‘*rco8^ +*)F{\/2ifcrcos 1(6 + fi)} + e-'ifcrcos(fl-^ F {V 2 ib :cos £(0 -  <£)}]
0  <  6 <  7T — fi < tt
( D . 1 3 )
F r o m  e q u a t io n s  ( D . 5 )  a n d  ( D . 1 3 )  it  f o llo w s  t h a t
0 « ( r ,0 )  = [e - itrcos(9+« l :’{V 2 F c o s \{0 +  + e - ihrcos^ -^F{V2k7cos  1(9 -  </>)}
I ( r , 9 )  =
A
( D . 1 4 )
f o r  a l l  v a lu e s  o f  0 a n d  fi s u c h  t h a t  0  <  6 <  7r a n d  0  <  fi < tt. E q u a t i o n  ( D . 1 4 )  g iv e s  t h e  
s o lu t io n  f o r  t h e  f ie ld  s c a t t e r e d  b y  a  h a lf - p la n e  b a r r i e r  e x h ib it in g  D i r i c h l e t  b o u n d a r y  c o n d it io n s  
f o r  a  p la n e  w a v e  in c id e n t  a t  a n g le  fi. B y  m e a n s  o f  t h e  fo llo w in g  r e la t io n ,
w
/  /- \  2 e _l7r/ 4 - 2
(V iz )  =  _ 7 r e -  F M ,
e q u a t io n  ( D . 1 4 )  m a y  b e  w r it t e n  in  t h e  m o r e  c o n c is e  f o r m :
,ikr
w I V'2ikr c o s  —(9 +  tp)j F u> lV2ikrco s —(9 — tp)
( D . 1 5 )
( D . 1 6 )
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A  F a m i l y  o f  I n t e g r a l s
A p p e n d i x  E
I n t e g r a ls  o f  t h e  t y p e
1 f c+io° y/uTTk _uh ,
1  — — --------- -----------— — —  —e ub du a > - c  ( E . l )
27T J  c—ioo ( u +  S)(u  ±  tk  COS fr)
a r is e  i n  t h e  W i e n e r - H o p f  a n a ly s is  o f  S e c t io n  2 . 3 . 1  t h r o u g h  t h e  d e c o m p o s it io n  o f  a n  i r r e g u l a r
f u n c t io n  in t o  f u n c t io n s  r e g u la r  in  d iffe r e n t  h a lv e s  o f  t h e  c o m p le x  p la n e ,  v i a  t h e  m e t h o d
d e s c r ib e d  i n  A p p e n d i x  B .  T h e  c o n s t a n t  c  is  c h o s e n  s u c h  t h a t  it  l ie s  w i t h i n  t h e  s t r i p  f o r  w h ic h
t h e  in t e g r a n d  is  r e g u la r ,  e .g . w h e n  t h e  p o le  is  p o s it io n e d  a t  u =  ik  c o s  fr, ki cosfr < c < ki.
I n  o r d e r  t o  e v a lu a t e  I ,  t h e  in t e g r a n d  in  ( E . l )  i s  s p l it  b y  p a r t i a l  f r a c t io n s  t o  g iv e
1  = TT *7 rr f +'°° f - r iE E E  + f r  +  lk )  e-ub du ( E . 2 )
27T(5 ^ ik  COS fr) Jc-ioo \  u +  s u ±  ik  c o s  fr J
T h e  t w o  c o m p o n e n t s  f o r m in g  t h e  in t e g r a n d  o f  ( E . 2 )  m a y  b e  e v a lu a t e d  i n  s i m i l a r  w a y s  s in c e  
t h e y  d if f e r  o n ly  in  t h e  l o c a t io n  o f  t h e  p o le .  T o  a s s is t  in  t h e  e v a lu a t io n  o f  t h e  f ir s t  t e r m  in  
( E . 2 )  t h e  f o l lo w i n g  is  d e f in e d :
I  =  ±  r ; ~  t ± L L i e - « >  du „ > - c  ( E . 3 )
2t  Jc—ioo ti -}- 5
n o t in g  t h a t
1 f c+ ^  Vu + ik _ub , 81 .
—  /   e ut} du =  -  (s -  ik )I.  ( E . 4 )
2tt J  c—ioo u +  $ db s = q
F r o m  ( E . 3 )  i t  is  f o u n d  t h a t
=  _  j _  r ° ° {u +  i ^ - i e - K “ + * ) ( e . 5 )
db 27T Jc-ioo
F o r  k w i t h  p o s it i v e  r e a l  a n d  i m a g in a r y  p a r t s ,  t h e  b r a n c h  l in e  f r o m  u =  —ik  c a n  b e  c h o s e n
a s  s h o w n  i n  F i g u r e  E . l .  S in c e  t h e r e  a re  n o  s in g u la r it ie s  w i t h i n  th e  c o n t o u r ,  t h e  v a lu e  o f  t h e
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c 2
F i g u r e  E . l :  C o n t o u r  o f  in t e g r a t io n  in  t h e  w -p la n e  a r o u n d  t h e  b r a n c h  l in e  f r o m  u =  — ik.
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i n t e g r a l  a r o u n d  t h e  c lo s e d  c o n t o u r  is  z e ro . F u r t h e r ,  s in c e
e-6(u+s)
, , = ■■.■ —* 0  a s  R e  u —► oo, 
y/u -j- ik
t h e  c o n t r ib u t i o n s  f r o m  t h e  p a r t s  o f  t h e  c u r v e  d e n o t e d  b y  Cft a n d  C4 in  t h e  F i g u r e  a r e  a ls o  
z e r o . T h i s  m e a n s  t h a t  t h e  in t e g r a l  o f  ( E . 5 )  c a n  b e  e v a lu a t e d  b y  i n t e g r a t i n g  a r o u n d  t h e  b r a n c h  
l i n e  f r o m  u — —ik, i.e . a lo n g  C 3 . I n t e g r a t i o n  a lo n g  e it h e r  s id e  o f  t h e  b r a n c h  l in e  le a d s  t o  t h e  
s a m e  r e s u lt  s o  t h a t  t h e  b r a n c h  in t e g r a l  m a y  b e  e v a lu a t e d  b y  i n t e g r a t i n g  a lo n g  o n e  s id e  o n ly  
a n d  d o u b l in g  t h e  r e s u lt .
T h e  c h a n g e  o f  v a r ia b le ,  u = —it — ik, in  ( E . 5 )  g iv e s
d(e~sbI) e”lV/4 u eibt=  ----e~b(s~ik) / dt
db TT Jo Vi
w h ic h  i s 18[4 1 ]
d(e~sbI) = e - * - ik) (E7)
db ypKb
C o n s id e r  t h e  c a s e  in  w h ic h  6  =  0 . T h e  in t e g r a l  I  o f  ( E . 3 )  m a y  t h e n  b e  e v a lu a t e d  b y  d e f o r m in g
t h e  c o n t o u r  t o  t h e  le ft .  O n ly  t h e  p o le  a t  u =  —s c o n t r ib u t e s ,  r e s u lt i n g  in
11 rc+too ( w +  ik)~2 1 , .
h = 0  =  t t  /  -------- ~ r ~—  du ~  ' /  Tr °  y  ~ c' ( E -8 )Ik Jc— ioo ti + s yj$ — zk
From (E.7) a.nd (E.8),
r b e - t ( s - i k )  1
e l  =  -  / — 7= -  dt +  - = = = .  (E.9)
Jo V K t  y/s — zk
It is possible to show that
w fiy/b(s - ik))
I  =  elkb V . , ©  (E.10)
y/s — ik
where [2]
„ 9  fOO „ ,
w (z )  =  e~z " 7= / e~l dt =  e~z erfc(—i z ) .  (E . l l )
V *  J - i *
Substituting (E.10) into ( E . 4 )  gives
_ L  f c+l°° V u + j k  ^  du =  e**Ww £ © 6(5 - ^ ) )  . (E .12)
2?r 7c_2co « + s y/7b V V V V
It remains to consider the second integral in (E.2). Defining
J = f -  / C+'~   du,  (E.13)
2 7T J q—too «  ±  tk  COS <p
f  co —at rzr
J.
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so that
J_ [C+
2tt Jc-t
cio° y/u + ik ub d u = J - i cos 0=0 +  i k ( l  q= c o s 0 ) J , ( E . 1 4 )' ico udzik cos fi db
a n d  c h o o s in g  c so  t h a t  t h e  c lo s e d  c o n t o u r  c o n t a in s  n o  s in g u la r it ie s ,  e v a lu a t io n  o f  ( E . 1 3 )
p r o c e e d s  a lo n g  l in e s  p a r a l le l  t o  t h a t  o f  ( E . 3 ) .  B y  s u b s t i t u t in g  J  in t o  ( E . 1 4 )  i t  is  f o u n d  t h a t
j _  v m + T  Ie_u b
27r Jc-ioo tl ± ik c o s  fi
T h e  v a lu e  o f  ( E . l )  m a y  n o w  b e  w r it t e n  d o w n  b y  c o m b in in g  r e s u lt s  ( E . 1 2 )  a n d  ( E . 1 5 )  
t h r o u g h  ( E . 2 ) :
1_ fc+io° yfu + ik Jkb
2 tr
rc+ioo  . / u  i pikb ,------------------------—-  /  ,  \
J c - i o o  u ±ik cos fi6 U du =  ”  y f - 'K 1 =F c o s  &  e'kbw ( \ M 6( 1  =F c o s  < £ )) • ( E - ! 5 )
/ :
—ub du
(u  +  s ) ( u  ± ik cos fi) ( s  ^fik  c o s  fi)
y/s — ikw  (^.\Jb{s — ik )^  —y j—ik(  1 c o s  fi) w ^yjikb(l qp c o s  fi) j^ ( E . 1 6 )
T h e  f o l lo w in g  m a y  b e  f o u n d  d ir e c t ly  f r o m  ( E . 1 6 )  a n d  a r e  l is t e d  p u r e ly  f o r  c o n v e n ie n c e  o f  
re f e r e n c e :
J _  fc+io° y/u +  ik ~ikb
27r Jc- i
—ub
( u  +  s ) ( u  +  i k  c o s  f i )
du =
( 5  — ik cos fi)
4>y/s — ikw (iy/b(s -  ik)  ^ — y/—2iks in  — w (^ /'2ikbs in  
\/u -f ik2 />c+zoo
27t Jc-ioo (u 4- s)(u — ik c o s  fi)
—ub
Jkbdu —
( 5  +  ik co s  0 )
Vs — ikw ( iyjb(<$ — ik) ) — y/—2ikcos~w^y/2ikbcos~Sj
( E . 1 7 )
( E . 1 8 )
L e t  0  =  0 :
r - C + J C O
27 T J c-i
y/u 4- ik
' c —ioo ( u  4* s ) ( t t  4* ik) 
JL_ rc+»oo y/u +  jk
27r Jc—ioo (u + s)(u -  ik)
—ub
~ub
du — — —-y/s — ikw [i\/b(s — ik) )
(5  - 1&) \ v 7
( E . 1 9 )
Jkb
du (s + ik) y/s — ik w (^ i.yjb(s — ik)^ j — y/—2 ik w (y/2ikbj
( E . 2 0 )
L e t  6 =  0 :
c+too y/u -f- ik
27r Jc-ioo (tt 4- -s)(tt 4* ik  c o s  fi)
_ L  f C+i0° y/u +  ik 
27t J c—ico ( «  +  « ) ( «  — c o s  0 )
L e t  b o t h  0  =  0  a n d  6 =  0 :
1_ fc+ico y/u +  ik 
2t j :
1  j c+ 
27 T J c -i
(tt 4- s)(tt 4- ik) 
io° y/u 4- ik
(tt 4- s)(tt — zk)
du
du
du
dxi
y / s  — i k  — y / — 2 ik  s in  ^  
s  — i k  c o s  0  
y / s  — ik  — y / — 2 ik  c o s  ^  
5  4- i k  c o s  0
y / s  —  ik  
s  — ik
y / s  — ik  -  \ f — 2%k
s  4* ^
( E . 2 1 )
( E . 2 2 )
( E . 2 3 )
(E.24)
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L e t  fr =  7 r /2 :
1 /■«+*’«> v^TTfr e
—  /  7 ---------- — e  dw  =27r 7c_ioo (w +  s)u
L e t  b o t h  fr =  7 r / 2  a n d  b =  0 :
V ^ T — T f c w  ^iyjb(s — ik)^ — y/—ikw  (y/ikbj
2 rc+too y / u  + ik y / s  — l b  — y / — lk
I 7 —  7lZ =  ------------------------------
J  C— 2CO (tt +  S ) U  S2ir
. (E.25)
(E.26)
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A p p e n d i x  F
D u a l  I n t e g r a l  E q u a t i o n  A n a l y s i s  
f o r  a  S u r f a c e - B r e a k i n g  C r a c k
A s  s e e n  i n  C h a p t e r  4 , th e  p r o b le m  o f  a n  in f in it e ,  id e a l,  s u r f a c e - b r e a k in g  c r a c k  i n  a  h a lf - s p a c e  
c o n d u c t o r  e x c it e d  b y  a  u n if o r m  in c id e n t  f ie ld  ( F i g u r e  1 . 5 )  c a n  b e  f o r m u la t e d  in  t e r m s  o f  t h e  
f o l lo w i n g  b o u n d a r y  c o n d it io n s :
d2A x(x,z)
Ox2
dAx(x,z)
/ ( * ) + - ^ 2 —  =  0  x — 0 ,\z\ < d ( F . l )
dx
=  0  x =  0 ,  \z\ >  d, ( F - 2 )
w h e r e  f (z )  is  t h e  p r e s c r ib e d  in c id e n t  e le c t r ic  f ie ld  a n d  A x(x,z)  is  t h e  ^ - c o m p o n e n t  o f  th e  
m a g n e t i c  v e c t o r  p o t e n t ia l  o f  t h e  o r d e r e d  p r o b le m  in  w h i c h  9Ax(*'z) j s a  s o lu t io n  o f  L a p l a c e ’s 
e q u a t io n .  S in c e  is  a  f u n c t io n  e v e n  w it h  r e s p e c t  t o  z ,  i t  is  a n t i c ip a t e d  t h a t  t h e  g e n e r a l
i n t e g r a l  r e p r e s e n t a t io n  w i l l  c o n t a in  a  c o s in e  k e r n e l:
dAx(x, z )  
dx
roo
=  /  a-(u)e~ux c o s ( z w )  du. ( F . 3 )
Jo
T h i s  e x p r e s s io n  is  c le a r ly  a  s o lu t io n  o f  L a p la c e ’s e q u a t io n .  A p p l y i n g  t h e  b o u n d a r y  c o n d it io n s  
t o  ( F . 3 )  y ie ld s  t h e  f o l lo w in g  d u a l  in t e g r a l  e q u a t io n s :
T h e s e  a r e  e q u a t io n s  o f  t h e  T i t c h m a r s h  t y p e 19, w h i c h  h a v e  b e e n  c o n s id e r e d  in  t h e  f o l lo w in g  
f o r m  b y  S n e d d o n [1 0 3 ]:
Jroo
u  ~ 1 a ( u ) c o s ( x u )  du =  F(x)  0  <  x < 1 ( F . 6 )
o POO
/  a ( w )  c o s (a rt i)  du =  0  x >  1. ( F . 7 )
Jo
O n l y  t h e  c a s e s  i n  w h ic h  k =  0  o r  1 a r e  o f  p h y s ic a l  in t e r e s t ;  k =  1 c o r r e s p o n d s  t o  t h e  p r o b le m  
c u r r e n t ly  u n d e r  c o n s id e r a t io n .
I f  w e w r it e
J roo
' ucx(u) cos(zu) du ( F . 8 )
0
r co
x(z) =  /  a ’(r t )  cos(zu) du, ( F . 9 )
Jo
t h e n  th e  d u a l  in t e g r a l  e q u a t io n s  ( F . 4 )  a n d  ( F . 5 )  b e c o m e
* «  =  / ( * )  \* \< d  ( F . 1 0 )
X(z) =  0  | z \>  d, ( F . l l )
f o r  w h ic h  a n  e le m e n t a r y  s o lu t io n  c a n  b e  f o u n d  b y  a  m e t h o d  s i m i l a r  t o  t h a t  f o r  t h e  p r o b le m  
o f  t h e  e le c t r if ie d  d is c ,  B e l t r a m i ’s m e t h o d [ 1 0 2 ] .
T h e  f u n c t io n  a ' ( u )  w i l l  b e  r e p r e s e n t e d  in  t e r m s  o f  a  f u n c t io n  g(t) b y  m e a n s  o f  t h e  r e la t i o n
rd.
a(u) =  — /  g(t)3o(tu) dt. ( F . 1 2 )
Jo
S u b s t i t u t in g  ( F . 1 2 )  in t o  ( F . 9 )  a n d  r e v e r s in g  t h e  o r d e r  o f  in t e g r a t i o n  y ie ld s
rd r oo
x(z) = — g(t) /  3o(tu) c o s ( 2 rt) du dt. ( F . 1 3 )
Jo Jo
19Equations of the T itch m a rsh  type:
r co
I du =  F(x) 0 <  x < 1
JopOO
I tt“ 2^ a (ii)J i,(a ;u ) du =  G(cc) x > 1.
Jo
In  (F .4 ) and (F .5 )  above, f  =  — | , C  =  0, n =  v = \.
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x W  =
F r o m  ( F . 8 )  w e  c a n  w r it e
Using the result given below20[99] it is found that
fz t iJ - y  dt 1*1 <  d ( F . 1 4 )  
\z\ >  d.
d
§ (z ) — —  J  Oi(u) s in (^ M ) dw . ( F . 1 5 )
S u b s t i t u t in g  f o r  a ( u )  a n d  in t e r c h a n g in g  t h e  o r d e r  o f  in t e g r a t i o n  a s  b e f o r e  g iv e s
d rd f°°
$ (z) = J  g(t) j  J o ( t u )  s in ( ^ w )  d u  d t .  ( F . 1 6 )
U s in g  t h e  r e s u lt  g iv e n  b e lo w 21 [1 0 0 ] le a d s  to
f _JL dt  \z\ <  d
$ ( * )  =  2 92 Jo J*2-/  ( F . 1 7 )
\  dt \z \ > d-
I t  f o llo w s  t h a t  ( F . 1 2 )  w i l l  g iv e  a  s o lu t io n  o f  t h e  d u a l  in t e g r a l  e q u a t io n s  p r o v id e d  t h a t  g(t) 
is  a  s o lu t io n  o f  t h e  in t e g r a l  e q u a t io n
T h e  f u n c t io n  g(i)  is  f o u n d  f r o m  t h e  r e s u lt  g iv e n  b e lo w 2 2 [ l 0 1 ] :
M - Z f - J p L f t o .  ( F . 1 9 )
TT Jo y t 1 — WL
T h e  s o lu t io n  o f  t h e  d u a l  in t e g r a l  e q u a t io n s  ( F . 4 )  a n d  ( F . 5 )  is ,  t h e r e f o r e ,  g iv e n  b y  ( F . 1 2 ) ,  w i t h  
g ( t )  g iv e n  b y  ( F . 1 9 ) .
poo
/  Jo 
Jo
(pO cos(a£) =
0 0 < p <  a
(p 2 -  a2) - 4  p> a
(p 2 — a2) _ 2 0 <  p <  a
0 p >  a
fJ a
dt =  g(x) 0 <  ce < 1, a <  x
has solution
/ ( * )(*2 -t7Y
... 2 Sin 7Tur u i uuiaj  .
fit) =  I  17 /  7 , 2  ■ du a < t.^  g(u)Ja
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pk A /
S u b s t i t u t in g  t h e s e  r e s u lt s  in t o  t h e  g e n e r a l  in t e g r a l  r e p r e s e n t a t io n  f o r  — e q u a t i o n  
( F . 3 ) ,  t h e  f o l lo w i n g  t r i p l e  in t e g r a l  is  o b t a in e d :
= J ’L ( 00[ d ! t /M  tJ0{tu) e~ux c o s  (zu) dw dt du. ( F . 2 0 )
dx TT Jo Jo Jo y/t2 -  W2
T h i s  in t e g r a l  i s  e v a lu a t e d  f o r  t h e  p r e s c r ib e d  in c id e n t  fie ld ,  f(w ) ,  a n d ,  f r o m  t h e  r e s u lt ,  t h e  
e q u iv a le n t  c u r r e n t  d ip o le  d e n s it y  o n  t h e  c r a c k  c a n  b e  f o u n d .
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